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Abstract. Let G be a complex reductive algebraic group. Fix a Borel subgroup B of G 
and a maximal torus T in B. Call the monoid of dominant weights A+ and let S be 
a finitely generated submonoid of A+. V. Alexeev and M. Brion introduced a moduli 
scheme M5 which classifies affine G-varieties X equipped with a T-equivariant isomor- 
phism SpecC[X]'^ —7- Spec C [5], where U is the unipotent radical of B. Examples of M5 
have been obtained by S. Jansou, P. Bravi and S. Cupit-Foutou. In this paper, we prove that 
M5 is isomorphic to an affine space when S is the weight monoid of a spherical G-module 
with G of type A. Unlike the earlier examples, this includes cases where S does not satisfy 
the condition {S)x n A+ = 5. 



1. Introduction and statement of results 

As part of the classification of affine G-varieties X, where G is a complex connected 
reductive group, a natural question is to what extent the G-module structure of the ring 
C[X] of regular functions on X determines X. Put differently, to what extent does the 
G-module structure of C [X] determine its algebra structure? 

In the mid 1990s, F. Knop conjectured that the answer to this question is 'completely' 
when X is a smooth affine spherical variety To be precise, Knop's Conjecture, which has 
since been proved by 1. Losev ||Los09al , says that if X is a smooth affine G-variety such 
that the G-module C[X] has no multiplicities, then this G-module uniquely determines 
the G-variety X (up to G-equivariant isomorphism). Rnop also proved [ Knoll J that the 
validity of his conjecture implies that of Delzant's Conjecture [Del90] about multiplicity- 
free symplectic manifolds. 

In IIAB05I , V. Alexeev and M. Brion brought geometry to the general question. Given 
a maximal torus T in G and an affine T- variety Y such that all T-weights in C[y] have 
finite multiplicity, they introduced a moduli scheme My which parametrizes (equiva- 
lence classes of) pairs {X,(p), where X is an affine G-variety and cp: X//U — > Y is a 
T-equivariant isomorphism (here LT C G is a fixed maximal unipotent subgroup nor- 
malized by T and X//U := SpecC[X]^ is the categorical quotient). They also proved 
that My is an affine connected scheme, of finite type over C, and that the orbits of the 
natural action of Aut^(y) on My are in bijection with the isomorphism classes of affine 
G-varieties X such that X//U ~ Y. See also IIBrilli Section 4.3] for more information on 

My. 

The first examples of My were obtained by S. Jansou |Jan07| l. He dealt with the follow- 
ing situation. Suppose A+ is the set of dominant weights of G (with respect to the Borel 
subgroup B = TU of G) and let A G A+. Jansou proved that if Y = C with T acting 
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linearly with weight —A, then Ma := My is a (reduced) point or an affine line. Moreover, 
he linked My to the theory of wonderful varieties (see, e.g., [|BL11 | | or [iPezlOiD by showing 
that Ma is an affine line if and only if A is a spherical root for G. 

P. Bravi and S. Cupit-Foutou IIBCFOSi generalized Jansou's result as follows. Given a 



free submonoid S of A+ such that 
(1.1) {S)znA+ = s, 

put y := Spec C [5] and M5 := My. Bravi and Cupit-Foutou proved that M5 is isomor- 
phic to an affine space. More precisely, the map T Aut^(y) coming from the action 
of T on y induces an action of T on M5, and they proved that M5 is (isomorphic to) a 
multiplicity-free representation of T whose weight set is the set of spherical roots of a 
wonderful variety associated to S. The connections between the moduli schemes My and 
wonderful varieties have been studied further in | Cup09[ CuplO |. 



In this paper we compute examples of M5 where »S is a free submonoid of A+, but does 
not necessarily satisfy (|1.1|) . To be more precise, we prove that My is (again) isomorphic 
to an affine space whenever Y = W//U with W a spherical G-module and G of type A 
(see Theorem 11.11 below for the precise statement). The reason we chose to work with 
spherical modules is that they have been classified ('up to central tori') and that many of 
their combinatorial invariants have been computed (see |K no98ll ). We prove Theorem ll.il 
by reducing it to a case-by-case verification (Theorem |1.2|) . It turns out that in most of our 
cases, condition (|1.1|) is not satisfied. The fact that the classification of spherical modules 
is 'up to central tori' means that this verification needs some care, see Section |4] and Re- 
mark |4!4l In this paper we restrict ourselves to groups of type A because the work needed 
is already quite lengthy. The reduction of the proof of Theorem 11.11 to the case-by-case 
analysis is independent of the type of G. 



The main consequence of the absence of condition (|1.1[) is that computing the tangent 
space to Ms at its unique T-fixed point and unique closed T-orbit Xq, which is also the 
first step in the work of Jansou, and Bravi and Cupit-Foutou, becomes more involved (see 
Section |3] below). On the other hand, we know, by definition, that our moduli schemes 
Ms = My (where Y = W//U) contain the closed point (PV, n) where n: W//U ^ Y is the 
identity map. By general results from [AB05J this point has an (open) T-orbit of which we 
know the dimension rfpy- This implies that once we have determined that dim Tx^M^ < 
d-w, our main result follows. Jansou and especially Bravi-Cupit-Foutou have to do quite 
a bit more work (involving the existence of a certain wonderful variety depending on S) 
to prove that Ms contains a T-orbit of the same dimension as rxoM5. 

1.1. Notation and preliminaries. We will consider algebraic groups and schemes over 
C. In addition, like in [AB05J, all schemes will be assumed to be Noetherian. By a variety, 
we mean an integral separated scheme of finite type over C. In particular, varieties are 
irreducible. 

In this paper, unless stated otherwise, G will be a connected reductive linear algebraic 
group over C in which we have chosen a (fixed) maximal torus T and a (fixed) Borel 
subgroup B containing T. We will use U for the unipotent radical of B; it is a maximal 
unipotent subgroup of G. For an algebraic group H, we denote X{H) the group of char- 
acters, that is, the set of all homomorphisms of algebraic groups H — ^ Gm, where Gm 
denotes the multiplicative group C^. By a G-module or a representation of G we will 
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always mean a (possibly infinite dimensional) rational G-module (sometimes also called 
a locally finite G-module). For the definition, which applies to non-reductive groups too, 
see for example [.AB05 , p. 86]. Because G is reductive, every G-module E is the direct sum 
of irreducible (or simple) G-submodules. We call E multiplicity -free if it is the direct sum of 
pairwise non-isomorphic simple G-modules. 

We will use A for the weight lattice X(r) of G, which is naturally identified with X(B), 
and A+ for the submonoid of X(r) of dominant weights (with respect to B). Every A G 
A+ corresponds to a unique irreducible representation of G, which we will denote V(X). 
It is specified by the property that A is its unique B-weight. Conversely every irreducible 
representation of G is of the form V{X) for a unique A G A""". Furthermore, we will use Vx 
for a highest weight vector in ^(A). It is defined up to nonzero scalar: V{\)^ = Cv\. For 
A G A+, we will use A* for the highest weight of the dual V{Xy of V{A). We then have 
that A* = —Wo (A), where wq is the longest element of the Weyl group Ng{T)/T of G. For 
a G-module M and A G A+, we will use M^;^) for the isotypical component of M of type 

y(A). 

We denote the center of G by Z(G) and use T^d for the adjoint torus T/Z{G) of G. The 
set of simple roots of G (with respect to T and B) will be denoted IT, the set of positive 
roots R'^ and the root lattice Ar. When a is a root, G Homz(A, Z) will stand for its 
coroot. In particular, {oc, a^) =2 where (•, •) is the natural pairing between A and its dual 
Hom2;(A, Z) (which is naturally identified with the group of one-parameter subgroups 
of T). 

The Lie algebra of an algebraic group G, H, T, B, U etc. will be denoted by the corre- 
sponding fraktur letter g, i), t, b, u, etc. At times, we will also use Lie(H) for the Lie alge- 
bra of H. For a reductive group G, we will use G' for its derived group (G, G). It is a 
semisimple group and its Lie algebra is q' = [g, g] . When G acts on a set X and x G X, 
then Gx stands for the isotropy group of x. We adopt the convention that G^ := {G')x and 
analogous notations for g-actions. For every root a. of G, we choose a non-zero element 
Xa of the (one-dimensional) root space g* C g. We call Xa a root operator. 

A reductive group G is said to be of type A if g' is or isomorphic to a direct sum 

5l(ni)©st(n2)ffi...©s[(nfc) 

for some positive integer k and integers n, > 2 (1 < z < k). 

When G = SL(n) and i G {1, . . . , n — 1}, we denote OJi the highest weight of the module 
/\' C". In addition, for SL(n) we put oJn = coq = 0. Similarly, when G = GL(n) and 
i G {!,..., n}, the highest weight of the module A' C" will also be denoted coi. The set 
{coi, . . . ,cOn} forms a basis of the weight lattice A of GL(n). Moreover, we put coq = 0. It 
is well-known that the simple roots of GL(n) have the following expressions in terms of 
the cof. 

(1.2) ai = -cvi-i + 2cvi - cvi+i for i G {1,2,. . .,n - 1}, 

and that the same formulas also hold for SL(n). The representations V{cOi) are called the 
fundamental representations of GL(n) (resp. SL(n)). 

A finitely generated C-algebra A is called a G-algebra if it comes equipped with an 
action of G (by automorphisms) for which A is a rational G-module. The weight set of A 
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is then defined as 

A+ := {AGA+: A(;,)^0}. 

Such an algebra A is called multiplicity-free if it is multiplicity-free as a G-module. When 
the G-algebra A is an integral domain, the multiplication on A induces a monoid structure 
on A^, which we then call the weight monoid of A; it is a finitely generated submonoid of 
A+ (see e.g. BBnTOl Corollary 2.8]). 

For an affine scheme X, we will use C[X] for its ring of regular functions. In particular. 



X = Spec C [X] . As in IIAB05L an affine G-scheme is an affine scheme X of finite type 



equipped with an action of G. Then C[X] is a G-algebra for the following action: 

(g • /)(^) = fig-' ■ x) for / G C[X],g G G and X G X. 

We remark that even when G is abelian we use this action on C[X]. A G-variety is a 
variety equipped with an action of G. If X is an affine G-scheme, then its weight set A^ 

is defined, like in IIABOSi p. 87], as the weight set of the G-algebra C[X]. If X is an affine 
G-variety, then we call A^ its weight monoid, and the weight group Aj-^ x) ^ is defined 

as the subgroup of X(T) generated by A|*^ It is well-known that Aj-^ x) is also equal to 
the set of B-weights in the function field of X (see e.g. HBrilOi p. 17]). When no confusion 
can arise about the group G in question, we will use A^ and Ax for A^ and A(q x)/ 

respectively. An affine G-scheme X is called multiplicity-free if C[X] is multiplicity-free 
as a G-module. An affine G-variety is multiplicity-free if and only if it has a dense B- 
orbit. We call a G-variety spherical if it is normal and has a dense orbit for B. A spherical 
G-module is a finite-dimensional G-module that is spherical as a G-variety. We remark 
that if W is a spherical G-module, then any two distinct simple G-submodules of W are 
non-isomorphic. For general information on spherical varieties we refer to IIBrilOi Section 
2] and llPezlOI . 

The indecomposable saturated spherical modules were classified up to geometric equiv- 
alence by Kac, Benson-Ratcliff and Leahy [Kac80 , BR96 , L ea98| , see [Rno98] for an overview 
or Section |4]f or the definitions of these terms. We will use Knop's presentation in [|Kno98i 
§5] of this classification and refer to it as Knop's List. For groups of type A we recall the 
classification in List lS.ll on page|29l 

When H is a torus and M is a finite-dimensional H-module, then by the H-weight set 
of M, we mean the (finite) set of elements A of X(H) such that M(^^^ 7^ 0. For the weight 

monoid A^ of M (seen as an H-variety) we then have that 

A^ = (— A| A is an element of the H-weight set of M) in . 

Given an affine T-scheme Y such that each T-eigenspace in C[y] is finite-dimensional, 
Alexeev and Brion IIAB05I introduced a moduli scheme My which classifies (equiva- 
lence classes of) pairs (X, cp), where X is an affine G-scheme and (p: X//U — > Y is a T- 
equivariant isomorphism. Here X//U := Spec(C[X]^) is the categorical quotient. More- 
over, they proved that My is a connected, affine scheme of finite type over C and they 
equipped it with an action by T^d, induced by the action of Aut^(y) on My and the map 

T Aut^(y). We call 7 this action of T^^ on My (see Section O for details). 
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Now, suppose <S is a finitely generated submonoid of A+ and Y = Spec C [S] is the 
multiplicity-free T-variety with weight monoid S. Like IIAB05II , we then put 

Ms •■= My. 

We will use for M5 when we want to stress the group under consideration. 

We need to define one more combinatorial invariant of affine G-varieties. Let X be such 
a variety Put R := C[X] and define the root monoid Lx of X as the submonoid of X(r) 
generated by 

{A + ^-v G A I A,^,v G A+ : (K(;v)K(?.))c n J^(,,) 7^0}, 

where {R(\)R[pi))c denotes the C-vector subspace of R spanned by the set {fg \ f G 
R(^\),g G Note that Ex ^ (n)]^. We call dx the rank of the (free) abelian group 

generated (in X(r)) by Ex, that is, 

dx := rk(Ex)z- 

We remark that for a given spherical module W, the invariant dy^is easy to calculate from 
the rank of A^v, see Lemma |Z7l 

1.2. Main results. The main result of the present paper is the following theorem. Its 
formal proof will be given in Section [T3l 

Theorem 1.1. Assume W is a spherical G-module, where G is a connected reductive algebraic 
group of type A. Let S he the weight monoid ofW. Then 

(a) Ew zs a freely generated monoid; and 

(b) the Tg^^-scheme M5, where the action is 7, is T^^^-equivariantly isomorphic to the T^^-module 
with weight monoid Ew- In particular, the scheme M5 is isomorphic to the affine space PJ^^ , 
hence it is irreducible and smooth. 

Our strategy for the proof of Theorem 11.11 is as follows. Suppose W is a spherical 
module with weight monoid S. Because dimM5 > dvv, it is sufficient to prove that 
dim TxoM^ < dvv/ where Xq is the unique -fixed point and the unique closed Tad-orbit 
in M5 (see Corollary 12. 6|) . In Section |4] (see Corollary I4.24[) we further reduce the proof of 
Theorem 1 1.1 1 to the following theorem. 

Theorem 1.2. Suppose (G, W) is an entry in Knop's List of saturated indecomposable spherical 
modules with G of type A (see List \5.1\ on page\2M. IfG is a connected reductive group such that 

(1) g' C G C G; and 

(2) W is spherical as a G-module 
then 

dimTxpMg = rfw, 
where S is the weight monoid of (G, W). 

In Section |5] we will prove this theorem case-by-case for the 8 families of spherical mod- 
ules in Knop's List with G of type A. 

For that purpose Xq is identified in Section IZT] with the closure of a certain orbit G • xq 
in a certain G-module V and TxqM^ with the vector space of G-invariant global sections 
of the normal sheaf of Xq in V. This is a subspace of the space of G-invariant sections of 

5 



the same sheaf over G ■ xq. This latter space is naturally identified with {V /g ■ xof'^o. In 
Section |5] we use the Taj-action (more precisely a variation of it) to bound {V/g ■ Xo)*^^" 
by explicit computations for the pairs (G, W) in the statement of Theorem II .21 In most 
cases we find that already dim{V/g ■ xo)^'^o < d^. To obtain the desired inequality for 
dim TxqMs iri the remaining cases we use the exclusion criterion of Section |3l which was 
suggested to us by M. Brion, to prove that enough sections over G • xq do not extend to 
Xo. 

1.3. Formal proof of Theorem 11.11 We now give the proof of Theorem ll.il Corollary 12.61 
and Corollary 14.241 reduce the proof to Theorem 11.21 which we prove by a case-by-case 
verification in Section |5l 



1.4. Structure of the paper. In Section |2] we present known results, mostly from IIAB05I 



and [BCF08J, in the form we need them. In Section |3l, which may be of independent inter- 
est, we formulate a criterion about non-extension of invariant sections of the normal sheaf. 
In SectionlHwe review the known classification of spherical modules l|Kac80llBR96llLea98l 
as presented in ||Kno98ll and reduce the proof of Theorem ll.ll to a case-by-case verification. 
We perform this case-by-case analysis in Section |5l, using results from I BCF08I mentioned 
in Section |2] and, for the most involved cases, also the exclusion criterion of Section |3l 

2. From the literature 

In this section we gather known results, mostly from IIABOSH and IIBCF08I , together 
with immediate consequences relevant to our purposes. In particular we explain that 
to prove Theorem 11.11 it is sufficient to show that M5 is smooth when S is the weight 
monoid of a spherical module W for G of type A. Indeed, [ AB0 5, Corollary 2.14] then 
implies Theorem ll.il (see Corollary 12.6)1 . That result of Alexeev and Brion's also tells us 
that dim M5 > dyj. Moreover, by IIABOSi Theorem 2.7], we only have to prove smoothness 
at a specific point Xq of M5 (see Corollary I2.4[) , and for that it is enough to show that 

(2.1) dimTx,Ms<dw. 

Here is an overview of the content of this section. In Sections 12.11 and 12.21 we recall 
known facts (mostly from l ABOSl ) about the moduli scheme M5 when <S is a freely gener- 
ated submonoid of A+ and apply them to the case where S is the weight monoid A^ of 
a spherical G-module W. More specifically, in Section IZT] we identify M5 with a certain 
open subscheme of an invariant Hilbert scheme Hilb5(y), where V is a specific finite- 
dimensional G-module determined by S. Under this identification, the point Xq of M5 
corresponds to a certain G-stable subvariety of V, which we also denote Xq. Moreover, 
Xq is the closure of the G-orbit of a certain point xq G V. We then have that 

Tx,Ms H%Xo,Afx,f H%G ■ XQ,Mx,f ^ {V/g ■ xof^o, 

where A/xq is the normal sheaf of Xq in V. In addition, following [ABOSJ we introduce 
an action of on M5. In Section 12.21 we give some more details about the inclusion 
HO(Xo, A6fo)^ ^ {V/q- xof'o which will be of use in Section |3] and in the case-by-case 
analysis of Section |5l In Section 12.31 we collect some elementary technical lemmas on 
{V / g ■ xo)'^''o and the T^d-action. Finally, in Section |Z4| we recall some results from IIBCF08I 
about {V/g- xo)^'o. 



2.1. Embedding of M5 into an invariant Hilbert scheme and the Tad-action. Here we 
recall, from IIABOSi , that if <S is a freely generated submonoid of A"*", then M5 can be 
identified with an open subscheme of a certain invariant Hilbert scheme Hilb5(V). We 
also review the Taj-action on Hilb^ (y) defined in II ABOSI , its relation to the natural action 
of GL{V)^ on that Hilbert scheme and how it allows us to reduce the question of the 
smoothness of Ms to the question whether Ms is smooth at a specific point Xq. 

Like the results in Sections 12.21 12.31 and |3] everything in this section applies to any Ms 
with S freely generated. In particular, by the following well-known proposition it applies 
to Ms with S = A^ when (G, W) is a spherical module. For a proof, see l,Kno98, Theorem 
3.2]. 

Proposition 2.1. The weight monoid of a spherical module is freely generated; that is, it is gener- 
ated by a set of linearly independent dominant weights. 

For the following, we fix a freely generated submonoid S of A"*" and let £* be its 
(unique) basis. Put E = {A* | A G £*} and 

Alexeev and Brion IIAB05II introduced the invariant Hilbert scheme Hilb5(y), which 
parametrizes all multiplicity-free closed G-stable subschemes X of y with weight set S 
(they actually introduced the invariant Hilbert scheme in a more general setting; for more 
information on this object, see the survey liBrillil ). They also defined an action of T^^ on 
Hilbg(y), see |lAB05l Section 2.1], which we call 7 and now briefly review. It is obtained 
by lifting the natural action of GL(V)'^ on Hilb5(F) to T. First, define the following 
homomorphism: 

(2.2) h:T^ GL{Vf, t ^ (-A*(0)a6£ 

Composing the natural action of GL{V)^ on V with h yields an action ^ of T on V: 

(p{t, v) = h{t) -v for f G r and v ^V. 

Note that ^ is a linear action on V and that each G-isotypical component V{X* ) of V* 
(with A G E) is the T- weight space for (p of weight A*. Since GL{V)'^ acts naturally on 
Hilb§(y), (p induces an action of T on Hilb§(y). We call this last action 7. It has Z(G) 
in its kernel and so descends to an action of T^d = T/Z(G) on Hilb5(V) which we also 
call 7. Indeed, if p : G — > GL(V') is the (linear) action of G on V, then for every z G ■Z(G), 
p{z) = h{z), because —A* = wqA is the lowest weight of ^(A) and therefore differs from 
all other weights in ^(A) by an element of (n)]^. This implies that if J is a G-stable ideal 
in C[V], then h(z) ■ I = p{z) ■ I = I. More generally, if S is a scheme with trivial G-action 
and X is a G-stable ideal sheaf on V x S, then X is also stable under the action induced 
by h on the structure sheaf CyxS/ since p\z{G) — ^lz(G)- Because Hilb^(y) represents the 
functor (Schemes) — > (Sets) that associates to a scheme S the set of flat families Z C V x S 
with invariant Hilbert function the characteristic function of »S C A+ (see IIABOSi Section 
1.2] or IIBrillj Section 2.4]), this implies our claim. 

From IIABOSI Corollary 1.17] we know that the open subscheme Hilbf* of Uilh'§{V) 
that classifies the (irreducible) non-degenerate subvarieties X C V with Aj = S is stable 

under GL{V)'^ and therefore under the Tgd-action 7. Recall from IIABOSI Definition 1.14] 
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that a closed G-stable subvariety of Y is called non-degenerate if its projections to the simple 
components V(A) of V , where A G E, are all nonzero. We call a closed G-stable subvariety 
of V degenerate if it is not non-degenerate. 

Next suppose Y = SpecC[<S], the multiplicity-free T-variety with weight monoid S. 
Recall that = My classifies (equivalence classes of) pairs (X, ^) where X is an affine G- 
variety and ^: X//11 ^ Y is a T-equivariant isomorphism. The action of T on Y through 
r — ?■ Aut^(Y) induces an action of T on M5. From [AB05, Lemma 2.2] we know that this 
action descends to an action of T^j on M5. By Corollary 1.17 and Lemma 2.2 in |,AB05J 
the moduli scheme is Ta^-equivariantly isomorphic to Hilb^*, where the Ta^-action on 



Hilbf* is 7. From now on, we will identify Ms with Hilb^*. As in IIBCF08L the Tad-action 
it carries will play a fundamental role in what follows. 

Remark 2.2. (a) Let (G, W) be a spherical module with weight monoid S, put Y = W //U 
and let n : W/ZLT — ^ Y be the identity map. Then (W, tt) corresponds to a closed 
point of My = = Hilbf* C Hilb§(y). On the other hand, note that the highest 
weights of W belong to E. Put Ei = {A G A+ : W(;v) 7^ 0} C E and E2 = E \ Ei. Then 

V = (S^eEVW = [®AeE,V{A)] © [©a6£,^(A)] ^ W © [eAe£,^(A)] 
Identifying W with ®a6Ei^(A) ^ V we see that W corresponds to a closed point of 
Hilb^(y). As soon as E2 ^ (Z), W ^ y is a degenerate subvariety of V, that is, it 
corresponds to a closed point of Hilb5(y) \ Hilbf*. 
(b) The subvariety of V corresponding to the closed point (W, n) of M5 = Hilbf* C 
Hilb5(F) can be described as follows. Let Mor'^(W, V(A)) be the set of G-equivariant 
morphisms of algebraic varieties W — > ^(A). We consider Mor'^(W, ^(A)) with vec- 
tor space structure induced from the one of ^(A). Note that, by Schur's lemma and 
because W is spherical, 

Mor^(W, V(A)) ~ (C[W] ®c ^(A))^ ^ (^(A*) ® ^(A))^ 

is one-dimensional for every A G E2. After choosing, for every A G E2, a nonzero 
fx G Mor^(W, V{\)), we can define the following G-equivariant closed embedding 
of W into V: 

(p:W ^V,w^w+ (®A€E2/a(w)). 

Its image corresponds to a closed point of Hilbg*. An appropriate choice of the func- 
tions fx (which depends on the identification M5 = Hilb^*) yields the closed point of 
Hilbf* corresponding to (W, n). 

The next proposition, taken from IIAB05 ', Theorem 2.7], means we can verify the smooth- 
ness of M5 at just one of its points. It also implies that M5 is connected. 

Proposition 2.3. The affine scheme M5 has a unique T^^j^-fixed point Xq, which is also its only 
closed orbit. 

Corollary 2.4. Ms is smooth if and only if it is smooth at Xq. 

Proof. Denote by M^" the smooth locus of Ms- Assume Z is a Tad-orbit inside Ms- Then 
the closure Z of Z in Ms contains a closed orbit (see, e.g. [TY051 Proposition 21.4.5]) which 



has to be {Xq}. Hence the intersection of with Z is not empty, because M^'" is open 
and, by assumption, Xq G M^"^ Since local rings of are isomorphic for points on the 
same orbit, we get Z C M^". This proves that M5 is smooth. □ 

Under the identification of Ms with Hilb^* the distinguished point Xq of M5 corre- 
sponds to a certain subvariety of V, which we also denote Xq (see IIAB051 p. 99]). It is the 
closure of the G-orbit in y of 

^0 := E e ®AeE^(A) = V. 
AeE 

Indeed this orbit closure has the right weight monoid by | |VP72 l Theorem 6] and is fixed 
under the action of GL{V)^. Yet another result of Alexeev and Brion's gives us an a priori 
lower bound on the dimension of the moduli schemes we are considering. We first recall 
a result of F. Knop. Suppose X is an affine G-variety. Let Ex be the saturated monoid 
generated by Ex, that is 

Ex := Q>oEx n (Ex)z ^ X(T) Q. 
Then by l|Kno96[ Theorem 1.3] the monoid Ex is free. 

Proposition 2.5 (Cor 2.9, Prop 2.13 and Cor 2.14 in IIAB05II ). Suppose X is a spherical affine 
G-variety. We view X as a closed point o/My^+. 

(1) The weight monoid of the closure of the T^^-orhit ofX in is Ex- Consequently, using 
that the dimension of a (not necessarily normal) toric variety is equal to the rank of the 
group spanned by its weight monoid, we obtain that dimM^+ > dx- 

(2) The normalization of the T^^^-orbit closure of X in M.p+ has weight monoid Ex- Conse- 
quently, it is T^^-equivariantly isomorphic to a multiplicity-free T^^-module of dimension 
dx, since a toric variety is a representation when its weight monoid is free. 

(3) Suppose X is a smooth variety. Then its T^^'Orbit is open in My^+. Consequently, combin- 
ing © with Proposition \2.3\ we get that My^+ is smooth if and only if dim TxoMy^+ < dx- 

Applying this proposition to our situation we immediately obtain the following corol- 
lary. It reduces the proof of Theorem [LI] to C orollary 14 . 241 and Theorem II. 2[ 

Corollary 2.6. Let W bea spherical G-module and let S be its weight monoid. Then the following 
are equivalent 

(1) Ms is smooth; 

(2) dim TxgM^ = d^; 

(3) dim Tx^Ms < dw 

Moreover, if Ms is smooth then Ew = Ew and Ms is T^^-equivariantly isomorphic to the 
multiplicity -free T^^-module with T^^-weight set — Y^y, where is the (unique) basis ofLyv- 

The following formula for d^, which is an immediate consequence of llCamOll Lemme 
5.3], will be of use. For the convenience of the reader, we provide a proof suggested by 
the referee. 
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Lemma 2.7. IfW is a spherical G-module, then dw = a — b, where a is the rank of the (free) 
abelian group Aw and b is the number of summands in the decomposition 0/ W into simple G- 
modules. 



Proof. Let G/H be the open orbit in W. From r Bri97i Theoreme 4.3], we have that dy^ = 
rk Aw — dim Ng {H)/H. Since Ng {H)/H is isomorphic to the group of G-equivariant au- 
tomorphisms Aut^(G/H) of G/H, we obtain by MLosOgbl Lemma 3.1.2] that Ng{H)/H ~ 
Aut'^(W). Moreover, Aut*^(W) = GL(W) because a G-automorphism of the multiplicity- 
free G-algebra C[W] preserves all irreducible submodules of C[W] and therefore sends 
W* to W*. Since dimGL(PV)G = b, it follows that dimNG(H)/H = b, which finishes the 
proof. □ 

Remark 2.8. In ||Kno98l Rnop computed the simple reflections of the so-called 'little Weyl 
group' of W*, whenever W is a saturated indecomposable spherical module. This entry 
in Knop's List is equivalent to giving the basis of the free monoid Lw* = — Wq^w^ that 
basis is the set of simple roots of a certain root system of which the 'little Weyl group' 
is the Weyl group (see ||Kno96[ Section 1], ||Los09a[ Section 3] or HBralOi Appendix A] for 
details). Knop's List also contains the basis of A^* = —ivqA^ for the same modules W. 
Those were computed in [|HU91J and l|Lea98L 

Here now is a proposition which provides a concrete description of the tangent space 
TxoMs. 

Proposition 2.9 ( l|AB05l , Proposition 1.13). Let V be a finite dimensional G-module and sup- 
pose X is a multiplicity -free closed G-subvariety of V. Also writing X for the corresponding 
closed point in Hilb^+(\/), we have that the Zariski tangent space rxHilb^+(y) is canonically 

isomorphic to H^{X,J\fx)^ r where Mx is the normal sheaf of X in V. 

2.2. {V/q ■ Xo)'^''" as a first estimate of TxqM^. In this section we describe a natural in- 
clusion of TxqMs into {V/q ■ Xo)^''o, see Corollary 12.141 For calculational purposes we 
introduce a second Taj-action on Hilb5(V) denoted ip, which is a twist of the action 7 
defined in Section IZTl and also the infinitesimal version oi xp on (V / g ■ Xo)'^''o denoted 
a. The action a is the one used throughout HBCFOSI . The main ideas of this section come 
from the proof of IIABOSi Proposition 1.15]. We continue to use the notation of Section IZTl 
Because G ■ xqis dense in Xq, we have an injective restriction map 

hO(Xo,AAxJ hO(G • xo,Mx,) = hO(G • xo,Mg.,,), 

where Mq-xq is defined as the restriction of A/xg to the open subset G ■ xq C Xq. This map 
is G X GL(y)'^-equivariant because Xq and G • xq are stable under the natural action of 
G X GL{V)^ on V. Restricting to G-invariants we obtain a GL(V)'-'-equivariant inclusion 

(2.3) H%Xo,Afx,f H%G ■ xo,Afx,f = H\G ■ x^Mc-x^f 

Since G • xq is homogeneous, Mq.xq is the G-linearized sheaf on G/Gxq associated with 
the GxQ-module V / q ■ xq, that is, the vector bundle associated to Mq-xq is G-equivariantly 
isomorphic to G x (V/q ■ Xq). In particular, we have a canonical isomorphism 

(2.4) H\G • xo,AAg.,JG ^ (V/g • xgf^o, s ^ s(xo) 
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which is the precise way of saying that G-invariant global sections of Mq.xq are deter- 
mined by their value at xq. 

The T-action (p orvV defined in Section IZTI induces an action on H'^(G • Xq,Mq.xq)'^ and 
we could use the isomorphism (|2.4[) to induce an action on {V / q ■ xq)'^''^ . Because it is 
better suited to our calculations, we prefer to work with a slightly different action. Recall 
that ^ was obtained by composing the natural action of GL{V)^ with the homomorphism 
h of (|2.2[) . Instead, we obtain a T-action, denoted \p, on V by composing the action of 
GL{V)'^ with the homomorphism 

(2.5) /:T^GL(y)G, i^(A(i))A6£- 
In other words, is the following action: 

1/7 : T X y ^ V, ip{t,v) = f{t) ■ V. 
Remark 2.10. Since the T-weights in E are linearly independent, / is surjective. 

Since ip commutes with the action of G on V, it induces an action of T on Hilb5(y) 
and on H^{G ■ Xo,A/g.xo)'^- By slight abuse of notation we call both of these actions xp. 
Using the isomorphism of equation (|2.4|) we now translate this action into an action of T 
on (V/g ■ Xo)*^^" • The relationship (via /) between the action ofT on (V/g- Xo)^"^^" and the 
action of GL(V)^ on H°(G • Xo,A/g.xo)'^ — (V/g ■ xo)^'o will play a part in the proof of 
Proposition |3.4[ Let p : T x V ^ V be the action of T on ^ induced by restriction of the 
action of G. 

Definition 2.11. We denote a the action of T on y given by 

Oi{t,v) := \p{t,p{r^,v)) fori G T and z; G y. 
Remark 2.12. One immediately checks that for all A G E and every v G ^(A) C V , 

(2.6) ix{t,v) = X{t)r^v. 

Proposition 2.13. The action a induces an action of T on {V/g ■ Xo)'^''o, which we also call 
a. For H^{G ■ xq/A/xq) equipped with the action ip and {V/g ■ Xo)^''o with the action a, the 
isomorphism (12. 4P is T-equivariant. Moreover, both actions a and xp have Z{G) in their kernel, 
whence the isomorphism (12. 4P is T^^^-equivariant. 

Proof. In this proof, we will write M for Mxq- Suppose t G T and s G H°(G • xq,Mg-xq)'^ ■ 
Then 

^{t,s){xo) = {f{t)-s){xo)=f{t)-s{f{t)-'-xo)=f{t)-s{ip{t-\xo)). 

Now note that xp{t~^,xo) =|0(i~^,xo)by the definitions of / and xq. In other words, we 
have that ip{t,s){xo) = f{t) ■ s{p{t~^ ,xq)). Let v be an element of V such that s{xq) = 
[v] eAf\xo = y/Q-XQ. Then 

s{xp{t-\xQ)) = [p{t-\v)]eAf\p(^t-,^,^) 
because s is G-invariant and therefore T-invariant. It follows that 

(2.7) f{t)-s{p{t-\xo)) = [tp{t,p{t-\v))] = [a{t,v)] G V/q-xq. 
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A straightforward verification (or equation (|2.7|) ) shows that a induces a well-defined 
action on {V / Q • Xq)^''vi. From (|2.7[) we can conclude that the isomorphism (|2.4[) is T- 
equivariant. Finally, that Z(G) belongs to the kernel of a is an immediate consequence of 
highest weight theory. □ 

From now on, the T^^-action on V (and on V/q ■ xq, {V/q ■ xq)^'"''/ etc.) will refer to 
the action given by oc, and the T^^^-action on Hilb^ ( V) (and on Ms) will refer to the action 
given by xp. Combining Proposition 12.91 and equations (|2.3|) and (|2.4[) we obtain a natural 
injection TxqMs ^ {V/g ■ Xo)'^''o. 

Corollary 2.14. The natural injection TxqM^ ^ (^/s • ^0)'^''° j'^st defined is T^^-equivariant, 
where we consider Tx^M-s as a T^^-module via xp and {V/q - xq)^''o via a. 

Remark 2.15. Let (G, W) be a spherical module as in Theorem II. 21 and let S be its weight 
monoid. The r^d-weight set we obtain in Section |5] for TxoM^ using the action cc is the 

basis of the free monoid Ew* = — wq^w (instead of — as in Theorem 11.11 where the 
action 7 was used). 

Remark 2.16. Thanks to ||AB05l Proposition 1.15(iii)] and Lemma |3]2]below, we know that 
the injection in Corollary 12. 14| is an isomorphism when Xq \ G • xq has codimension at least 
2 in Xq. This condition is often not met in our situation. Even when it is not, the injection 
is often an isomorphism, but we also have a number of cases where the injection is not 
surjective; see, for example. Remark [5.241 

2.3. Auxiliary lemmas on {V/q • Xq)'^''o and the T^d'^ction. We continue to use the no- 
tation of Sections 12.11 and 12.21 Let G x T^d be the semidirect product of G and T^d, where 
Tad acts on G as follows: 

(2.8) radxG^G,(f,g)^rV- 

As explained in ||AB05l p. 102], the linear actions of T^d and G on F can be extended 
together to a linear action of G x T^d on V as follows. Suppose {g, f) G G x T^d and v ^V, 
then 

(2.9) {g, t)-v:=g- cc{t, v) = cc{t, {tgt-^) ■ v), 

where a is the T^d-action. Since T^d fixes Xq, we have that (G x T^d)xo = x T^d and 
(G X Tad) • Xq = G ■ XQ.lt foUows that (G x Tjd)xo acts on g • xg = Txq ' -'^o) and we have 
an exact sequence of {Gxq x T^d) -modules 

(2.10) — > q-xq — >V — > V/q ■ xq — ^ 0. 

The next lemma gathers some elementary facts about Gxg and q- xq. They will be of use 
in Sections |3] and |5l 

Lemma 2.17. Let E be a finite subset of A+, and define V and xq as before, that is, xq := 
Ea6£^a ^V := ®xeEV{^)- Then the following hold: 

(1) Gxq = Txg.G°^, where G°^ is the connected component ofGx^ containing the identity; 

(2) Txo = nAefikerA; 

(3) Qxo = u©txo © ©«eE^ 0-«' ^^^^^ '■= {i^^R^ \ = for all A G £}; 

(4) The T^^-weight set of q ■ xq is {R+ \ E^) U {0}. 
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Proof. The proof of ^ just requires replacing V\ by xq in the proof of |Jan07[ Lemmel.7]. 



(O is immediate. Q follows form the well-known properties of the action of root opera- 
tors on highest weight vectors. For (ID just note that g ■ xq = b~ ■ xq, where b~ is the Lie 
algebra of the Borel subgroup B opposite to B with respect to T. □ 

In addition to the facts listed in Lemma 12.171 the following will be useful too in Sec- 
tion|5l Recall our convention that G',.^ := {G')xq and g',^^ := {q')xo- Recall also that if t is 
a Lie-sub algebra of Qxq, then {V/q • xq)* = (M ^ V / q ■ xq \ Xv ^ g ■ xq for all X G t}, by 
definition. 

Lemma 2.18. Using the notations of this section, the following hold: 

(a) The inclusions {V / g ■ xq) ''o C {V / g ■ xq) C (F/g • xq) ° inclusions of T^^- 
modules; 

(b) Let Hbea subgroup ofG and let Th be a subtorus ofTdH. Let T be the subgroup ofX{Tii) 
generated by the image ofE under the restriction map p: X{T) X{Th)- Suppose v ^ V 
is a T ^^-eigenvector of weight /3 so that [v] is a nonzero element of {V / g ■ xq)^-^". Then p(j6) 
belongs to T; 

(c) If i) is a Lie-subalgebra of g containing g', then (V/gxo)'^''o = [V / gxo) ^'^y where {V / gxo) ^"^^ 
is the subspace of {V/ 0Xo)'^''o spanned by 

{[v] G {V/gxQ)^''o \visa T^^^-eigenvector with weight in (E)^}- 



Proof. For assertion daj) we first note that the subgroups G^^ and [G'^^Y of G are stable 
under the action of T^d on G in (|2.8[) , so that the (G^^ x Taj) -action onV /g - xq restricts 
to G^l-p XI Tad and (G^g)° x T^d. The assertion now follows since Lie(G^jj) = g'^^. We now 
prove ©. Let /3 be the Taj-weight of v and for every A G E, let Xx be the projection of v 
onto ^(A) C V. Then v = Eaee ^a- Since v is nonzero, at least one of the x^ is nonzero. 
Choose one. Then X\ is a T-eigenvector of weight A — j6. Since v is fixed by {Th)xo it 
follows that X\ is and so (A — ^)\{Th)xq ~ ^- Since {Th)xq = nAe£kerp(A) this implies 
that p(A — /3) and therefore p(/3) lie in F. Assertion finally, is a consequence of parts 
© and © of Lemma IZlZl □ 

Lemma 2.19. We use the notations of this section. Let v ^ V be a T ^^-eigenvector. If [v] is a 
nonzero element of {V / 0Xo)^''o, then the following two statements hold. 

(A) For every positive root a one of the following situations occurs 

(1) Xo^v = 0; 

(2) XaV is a T ^^-eigenvector of weight 0; 

(3) XaV is a T ^^-eigenvector with weight in R+ \ E^; 

(B) There is at least one simple root a such that X^v ^ 0. 

Proof. Part (0 follows from the fact that u C g'^^ and part dD of Lemma IZTTl For (0 first 
note that the linear independence of E implies that the subspace t • Xq of g • xq contains all 
the highest weight vectors of V. Therefore [v\ ^ implies that v is not a sum of highest 
weight vectors. □ 
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Lemma 2.20. Let (G, W) be a spherical G-module and let G be a reductive subgroup of G con- 
taining G and such that (G, W) is spherical. Then Q • Xq = g ■ xq. 

Proof. We have that g • xq = t • + g' • xq. By hypothesis, g' = g'. Finally i- xq = {v\ : A G 
E)c = t • Xq because the elements of £ are linearly independent (for both G and G). □ 

2.4. Further results and notions from HBCFOSI . We continue to use the notation of Sec- 
tions 12.11 and 12.21 In this section we recall results from [BCF08J about M5 and TxgM^ 
under the condition that S is G-saturated (see Definition |2.21|) , and we mention some 
immediate consequences. 

The following condition on submonoids of was considered by D. Panyushev in 
||Pan97| . It also occurs in |VP72| . We will use the terminology of |Brill[ Section 4.5]. 

Definition 2.21. A submonoid of S of is called G-saturated if 

{S)znA+ = s. 

Remark 2.22. As explained in IIBCF081 Section 3] the injection 

Tx,Ms-^{V/g-xof^o 

of Corollary 12. 141 is an isomorphism when S is G-saturated. The reason is that, by Theo- 
rem 9 of [|VP72il , Xq \ G • Xq then has codimension at least 2 in the normal variety Xq; see 
Remark HH 

Remark 2.23. Clearly, a submonoid S C A"*" is G-saturated if and only if —wo{S) is. This 
fact will be used in Section |5l because if S is the weight monoid of a spherical module 
(G, W), then — wo{S) is the weight monoid of the dual module (G, W*). 

Lemma 2.24 (Lemma 2.1 in HBCFOSI ). Let X\, . . . , fee linearly independent dominant weights. 
The following are equivalent: 

(a) S = (Ai, . . . , Ajt)]N is G-saturated; 

(b) there exist k simple roots cct^, .., at^. such that (Af, a^) 7^ if and only ifi = j. 

Theorem 2.25 (Theorem 2.2 and Corollary 2.4 in HBCFOSI ). Suppose G is a semisimple group 
and S is a G-saturated and freely generated submonoid o/A+. Then 

(1) the tangent space TxqM^ ~ {V/g ■ ^0)'^''° a multiplicity-free T^^^-module whose T^ji- 
weights belong to Table 1 of llBCFOSl p. 2810]; 

(2) the moduli scheme is isomorphic as a T^^^^-scheme to (V/ g ■ Xo)*^''o. 

Remark 2.26. When G is of type A, the Ta^-weights which can occur in the space {V / g ■ 
Xo)^"o of Theorem 12:25] are (see IIBCF081 Table 1 p. 2810]): 

(SRI) a + a' with a, a' G IT and oc _L a.'; 
(SR2) 2oi with a e U; 

(SR3) + a.ij^2 + • • • + with r > 2 and a,, oci+i, . . . , a/^^ simple roots that corre- 
spond to consecutive vertices in a connected component of the Dynkin diagram of 
G; 

(SR4) ocj + 2a:,_|_i + ai^2 with ocj, ocj+i, a/+2 simple roots that correspond to consecutive 
vertices in a connected component of the Dynkin diagram of G. 
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For several cases in Knop's List, Theorem 11.21 is a consequence of Bravi and Cupit- 
Foutou's result mentioned above, thanks to Corollary 12.281 below. We first establish a 
lemma needed in the proof of C orollary 12 . 281 and of Proposition 14. 1 81 

Lemma 2.27. Suppose X is an affine G-variety and let Hbea connected subgroup ofG containing 
G' (H is reductive by Lemma \4.16\ below). Let Bh be the Borel subgroup B n H of H and let 
p : X(B) X(B^) be the restriction map. Let Ex be the root monoid of the G-variety X and 
let be the root monoid of X considered as an H-variety (where H acts as a subgroup of G). 
Assume that the restriction ofp to A^q x) ^ -^(^) injective. Then 

Consequently, the invariant dx is the same for (G, X) as for (H, X). 

Proof By Lemma iHbelow, p(A+,^P = A^^^y Put K = C[X] andletR = ®A6A+ ^^^(a) 
be its decomposition into isotypical components as a G-module. Then, because p\^+ 

is injective and G' C H, we have that for every A G ^y J^(^;^-) C R is the H-isotypical 

component of R of type V{p{A.)). The lemma now follows from the definitions of Ex and 
dx. □ 

Corollary 2.28. Let G be a connected reductive group and let X be a smooth affine spherical G- 
variety with weight monoid S. Suppose X is spherical for the restriction of the G-action to G'. 
Put T' = T n G' . Let S' be the imag^ofS under the restriction map p : X(T) X(r'). 

If S' is freely generated then so is S. Suppose S' is freely generated and G' -saturated. Then 

G' r 
dim{V/ Q ■ xq) ""0 = dx and, consequently, dim Tx^M^ = dx- 

Proof. The fact that X is spherical for G' implies that the restriction of p to »S is injective 
(see Lemma |4^ below). This proves that S is freely generated when S' is. 
We now assume that S' is freely generated and G'-saturated. First note that 

(2.11) y~©A6£^(p(A)) 

as a G '-module and that 

(2.12) g- Xq = t- Xq + U~ ■ Xq = t' ■ Xo + U~ ■ Xq = q' ■ Xq. 

where u~ is the sum of the negative root spaces of g'. Here the second equality follows 
from the fact that because the sets E C X(T) and p(E) C X{T') are linearly independent, 

t- Xq = {V^: A e E)c = i' ■ Xq. 

Now consider X as a closed point of M^,'. By Theorem 12.251 M^,' is smooth, and so 

Proposition 1231 (with Lemma IZiTt tells us that dim Tx^Mg,' = dx- Since Tx^W^', ~ {V/g' ■ 

xo) (using (|2.11|) ) and, since from (|2.12|) we have that {V/g ■ xq) = {V/g' ■ xq) and 

therefore that {V/g ■ xo)^^o = {V/g' ■ Xq)^''o, it follows that dim(y/g • xo)^'o = ^x- By 

CorollarylZH Tx^M^ C {V/g ■ xq)^'" ^ {V/g ■ xq)^'^o, and Proposition |Z5] now finishes 
the proof. □ 



By Lemma l4!6l below, S' is the weight monoid of the G'-variety X. 
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3. Criterion for non-extension of sections 



We continue to use the notation of Sections 12.11 and I2.2[ In particular, by the T^d-action 
on V and {V I g • Xof"""^ we mean the action a of Definition IZTH The criterion we give here 
(Proposition 13 .41) for excluding certain Ta^-weight spaces of {V I % ■ xo)'^''o from TxqMs 
was suggested to us by M. Brion. It consists of sufficient conditions on a section s G 
H^{G ■ Xq/A/xq)^ — {V/& ■ ^o)^'° foi" it not to extend to Xq. The basic idea is that the 
conditions guarantee that there is a point zq G Xq (which depends on s) whose G-orbit 
has codimension 1 in Xq and such that s does not extend to zq along the line joining xq 
and zq. 

Before we prove the criterion we recall some facts. We begin with the orbit structure 
of Xq. It is known (see IIVP721 Theorem 8]) that the following map describes a one-to-one 
correspondence between the set of subsets of E and the set of G-orbits in Xq: 

{D ^ E) i-^ G ■ vd where Vd '■= ^ V\. 

AeD 

Recall that GL(y)G ~ g!^' and that an element {tx)AeE ^ GL{V)^ acts on ^ = ©a€E^(A) 
by scalar multiplication by tx G Gm on the submodule V{X). Given D C E, define the 
one-parameter subgroup ajj of GL{V)'^ as follows: 

(Td: G„, ^ GL{Vf,t ^ (pa(0)a6E 

where p\{t) = t ii A. ^ D and p\{t) = 1 otherwise. Then limf_^o c^d(0 • = ^D- We 
also put Zt := Coit) • for t G G^ and zq := Vjj so that limf^.oZf = zq. The orbits (of 
codimension 1) that will play a part in the criterion correspond to subsets D = E \ {A} 
where A G E is a judiciously chosen element, depending on the section to be excluded. 

The following proposition tells us which subsets D C E correspond to orbits of codi- 
mension 1 in Xq. 

Proposition 3.1. Let E, V and xq be as before. Suppose Ag G E. Put zq = Eaee^At^Aq ^a- Then 
dimtzg = dimtxg + 1. Consequently, the following are equivalent: 

(a) dimflzg = dimg^o + V 

(b) E^ = (E \ {Aq})"'" (see Lemma |Z77t l3D for the definition of 

(c) E^nn= (E\{Ao})^nn. 

Proof. The first assertion follows from (the Lie-algebra version of) Lemma [ZTZ© and 
the fact that E is linearly independent. The equivalence of (jaj) and © is an immediate 
consequence of Lemma 12.171 (3)). For ® (jcj) we use a standard fact about parabolic 
subgroups containing B. Indeed, let 1P{V) be the projective space of lines through in y 
and y \ {0} — > ¥{V),v i— > [v] the canonical map. Define the parabolic subgroup P of G by 
P := G[^p] . Then — E^ is the set of negative roots of P. As is well known (see, e.g. [ Hum75i 
Theorem 30.1]), — E-*- is the set of negative roots of G that are Z-linear combinations of the 
simple roots in E^ n Yl. Consequently, E-*- is completely determined by E^ n Lt. Similarly, 
(E \ {Ao})^ n n determines (E \ {Aq})^. □ 

Lemma 3.2. The G-variety Xq is normal. 
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Proof. Because S is freely generated, we have that {S)z H Q>o*S = *S in A (E)z Q- We then 
apply [VP72, Theorem 10] or the general fact | Pop86[ Theorem 6] that Xq is normal if and 
only if Xq // LT is a normal T-variety (recall that Xq // ~ Spec C [5] ). □ 

Lemma 3.3. Suppose A G E zs such that for D = E \ {A}, the G-orbit o/zq = Vjj has codimen- 
sion 1 in Xq. Then Tz^Xq = g • zq ffi Cv\. 

Proof. By Lemma 13.21 Xq is normal. Therefore its singular locus has codimension at least 
2. Since the singular locus is G-stable and G • Zq has codimension 1, it follows that Xq 
is smooth at Zq. Therefore, dimTz^Xg = dimg ■ zq + 1. Moreover t Zt = Cjjit) • Xq 
is an irreducible curve in Xq (because the elements of E are linearly independent) and 
Zt = t ■ V\ + Zq. Thus j-^\t=oZt = v\ and so G Tz^Xq. Further V\ ^ g - zq since g • zq lies 
in the complement of V(X) C □ 

Now let [v] be a Tgd-eigenvector in {V/ g • xo)^''o. We denote the corresponding section 
in H'^(G • xo,J\fxQ)^ by s, that is, s(xo) = N- Recall from Proposition 12.131 that the Taj- 
action on {V / g ■ Xq)'^''o comes from the action of T on H*^(G • Xo,A/xo)'^ through f:T^ 
GL{V)'^, defined in (|2.5|) . Since / is surjective (see Remark r2.10[) , we can also consider s as 
an eigenvector for GL{V)^ . Because it will play a part in what follows, we remark that if 
the GL(V)^-weight of s is then the Tad-weight of s{xq) = [v] is f*{S). By definition, we 
have that ior a e GL{V)'^ 

s"{xo) := a ■ s{a~^ ■ xq) = ^(a)s{xo). 
This implies that for every D C E and t G G^, 

(3.1) s(Zt) = s{(TD{t) ■ Xq) = ^(c7d(0)" Vd(0 • s(Xq) = [^(c7d (0 ) " (0^] ^ V/Q ' Zt- 

We need one final ingredient for the proof of Proposition 13.41 Recall that any v ^ V 
defines a global section Si, G H*^(Xo,A/x(,) by 

s^(x) = [v] G y/r;,Xoforallx G Xq. 

Here then is the proposition we will use in Sections I5.5[ 15.61 and 15.71 to prove that certain 
sections in H'^(G • xg, A/xq)*^ do not extend to Xq. As mentioned at the beginning of this 
section, by the Ta^-action on V we mean a. 

Proposition 3.4. Suppose v ^ V is a T^^-eigenvector of weight /3 G such that [v] G (V/g • 
xq)'^''o. Lets G H^{G ■ xq,Mxq)^ be defined by s{xq) = [v]. If there exists A G £ so that 

(ESI) the coefficient of X in the unique expression of ^ ^ (E)z a X-linear combination of the 
elements of E is positive; 

(ES2) the projection ofv^V onto V{\) C V is zero; 

(ES3) iff] is a simple root so that (A, j/^) 7^ then there exists A G E \ {A} so that (A, j/^) 7^ 0; 
(ES4) 2/j6 G R+ \ E^ (see Lemma \2l7\ for the definition ofE-^), then there exists ^ in E\ {A} 

so that j6^) 7^ and the projection ofv onto V{^) is zero; 
then s does not extend to Xq. 

Proof. The idea of the proof is to 'compare' the section s to the section Si, G H°(Xo, A/xo)■ 
Put D = E \ {A}. We first show that 

(i) there exists a positive integer k so that s((rc)(i) • xq) = t~^Sv{cr]j{t) ■ xq) for all t G G^; 
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(ii) Sv{zo) ^ 0, 

where zq = vd = limt^o (Toit) • xq. We then show that (0) and duj) imply that limt^o s(c7'd (0 • 
xq) does not exist, i.e. that s(zo) does not exist. 

We first prove ©. Let / : T — ^ GL(y)'^ be the map (|2.5|) on page [11] Since it is surjective, 
/*: X(GL(y)G) ^ X(r),^ ^ ^ o / is injective and |6 G im(/*). Put ^ := (/*)-i(|6), the 
GL(y) '^-weight of s. From equation (|3.1|) we have that s(zt) = [^(c^d(0)~^'^d(0^] f^r 
every t G G^. Using (ES2), o-]j{t)v = v for every t G Gm- Therefore 

for all t G Gm- Let be the coefficient of A in the expression of /3 as a Z-linear combination 
of the elements of E. Then(J((7D(0) = i'^ for every i G G^- Consequently s(zt) = t~^Sv{zt) 
for all i G Gm- By (ESI) > 0, and we have proved (0). 

For dni) we have to prove that Si:,(zo) = [v] G V /TzqXq is nonzero. Condition (ES3) 
together with Proposition 13. II tells us that G • zq has codimension 1 in Xq. It follows from 
Lemma 13.31 that Tz^Xq = q ■ zq® Gv^. We now proceed by contradiction. Indeed, if 
s„(zo) = [v] were zero than we would have y G g • Zq ® ^^a- Since, by (ESI), v has nonzero 
Tad -weight this would imply that v G • Zq. The nonzero -weights in g • Zq are (by 
(ES3)) the same as those m q ■ xq, that is, they are the elements of \ (by dU) of 
Lemma [2.17|l . So if j6 ^ \ we are done. We only need to deal with the case where 
^ eR+\ E^. Then the Tad-weight space in • Zq of weight /3 is the line spanned by X_^zq. 
Now (ES4) tells us that v cannot belong to that line: X_^zo has a nonzero projection to 
V{^), whereas v does not. 

We now prove the claim that ^ and ^ establish the proposition. Denote by X^^ the 

union of G • Xq ^rid all G-orbits of codimension 1 in Xq. Then Xq^ is open because Xq has 
finitely many orbits, and it is smooth because Xg is normal. Again by the normality of 
Xq, s extends to Xq if and only if it extends to X^^ (cf. ||Brilli Lemma 3.7]). Since X^^ 
is smooth, the normal sheaf A/'^<i of X^^ in V, which is the restriction of A/xq to X^^, is 
locally free. The claim follows. □ 

4. Reduction to classification of spherical modules 

In this section we reduce the proof of Theorem 11.11 to a case-by-case verification, that 
is, we reduce it to Theorem 11.21 This reduction (formally. Corollary 14. 24|) does not use the 
fact that G is of type A: if Theorem 11.21 holds for groups of arbitrary type, then so does 
Theorem ll.il We first introduce some more notation. We will use R for the radical of G; 
since G is reductive, is the connected component Z(G)° of Z(G) containing the identity. 
When (G, W) is a spherical module and S is its weight monoid, we will use for the 
moduli scheme M5 (in fact, we check in Lemma 14.131 that is, up to isomorphism 
(of schemes), independent of the choice of maximal torus T and Borel subgroup B and 
therefore determined by the pair (G, W)). We introduce this notation because we will 
have to relate moduli schemes for different modules and different groups to one another. 
More generally, when T is the weight monoid of a multiplicity-free G-variety X, Mr = Mp 
will stand for the moduli scheme My of [IAB05II with Y = X//U. Given a spherical module 
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(G, W) we will also use p : G — ^ GL(W) for the representation and we put 

G^* := G' X GL(W)^. 

We begin with an overview of the reduction. To make the classification of spherical 
modules in ||Kac80[|BR96[|Lea98ll possible, several issues had to be dealt with (see ||Kno98[ 
Section 5]). Indeed, Knop's List gives the saturated indecomposable spherical modules up 
to geometric equivalence. We begin by recalling the definitions of these terms from |Kno98i 
Section 5]. 

Definition 4.1. (a) Two finite-dimensional representations |0 1 : Gi — > GL(Wi) and|02: G2 
GL(W2) are called geometrically equivalent if there is an isomorphism of vector spaces 
(p:Wi ^ W2 such that for the induced map0 GL{(p) : GL(Wi) GL(W2) we have 
GL{(p){pr{Gi)) = p2{G2). 

(b) By the product of the representations (Gi, Wi), . . . , (G„, W„) we mean the representa- 
tion (Gi X . . . X G„, Wi © . . . ffi W„). 

(c) A finite-dimensional representation (G, W) is decomposable if it is geometrically equiv- 
alent to a representation of the form (Gi x G2, Wi © W2) with Wi a non-zero Gi- 
module and W2 a non-zero G2-module. It is called indecomposable if it is not decom- 
posable. 

(d) A finite-dimensional representation |0: G — > GL(W) is called saturated if the dimen- 
sion of the center of |0(G) equals the number of irreducible summands of W. 

Remark 4.2. (a) If p is saturated and multiplicity-free, then the center of |0(G) is equal to 

the centralizer GL(W)'^. 
(b) Suppose (Gi,Wi) and (G2, W2) are geometrically equivalent representations. Then 

(Gi, Wi) is spherical if and only if (G2, W2) is, and (Gi, Wi) is saturated if and only if 

(G2,W2) is. 

Example 4.3. ( IIKno98l p.311]) The spherical modules {SL{2),S^C^) and (SO(3),C3) are 
geometrically equivalent. Every finite-dimensional representation is geometrically equiv- 
alent to its dual representation. The spherical module 

(SL(2) xG,„ xSL(2)) X (C2©C2) © 

{{A,t,B),{x,y)) ^ {tAx,tBy) 

is indecomposable but not saturated. 

For our reduction to Theorem 11.21 we deal with geometric equivalence and products 
of spherical modules in a straightforward matter. Indeed, we prove in Proposition 14.151 

that if (Gi, Wi) and (G2, W2) are geometrically equivalent spherical modules, then ~ 

as schemes. That the tangent space to behaves as expected under products is 
proved in Proposition 14.191 Dealing with the fact that the classification consists of satu- 
rated spherical modules requires a bit more effort. Indeed, we could not establish an a 

priori isomorphism between and M^, where (G, W) is a (saturated) spherical mod- 
ule and G is a subgroup of G containing g' such that (G, W) is spherical. This is why 
in Theorem 11.21 we cannot restrict ourselves to the modules (G, W) of Knop's List. We 

^By definition, GL(<^) {/) =(pofo cp-'^ for every / £ GL( Wj). 
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circumvent this difficulty by proving in Proposition 14.221 that even when (G^^ W) is de- 
composable Theorem II .21 implies the equality 

(4.1) dim Tx,M^' = dim Tx^M^'"^^^^ 

for a spherical module p : G ^ GL(W) with G of type A. In (|4.1|) , by abuse of notation, 
Xq on each side denotes the unique closed orbit of the corresponding moduli scheme. 
From Proposition 14.51 we have that (G' x p{R), W) is geometrically equivalent to (G, W). 
Using Theorem ll.2l and Lemma l2.27l we then deduce that dim Tx^M^ = d^, thus proving 
Corollary 1121 

Remark 4.4. Theorem 11.11 proves , a posteriori, that and are isomorphic, when G 
is of type A, (G, W) is a (saturated) spherical module and G is a subgroup of G containing 
G such that (G, W) is spherical. We note that Remarks 15 .221 and 15 .241 show that, contrary 
to the tangent space Tx^M^, the Ta^-module {V/q ■ xo)'^''o that contains it does in gen- 
eral depend on the subgroup G of G as above: these remarks give instances where the 

inclusion {V/q ■ xo)^"o C {V/g ■ xo)^'o is strict. (Recall that V = eA6£^('^) with E the 
basis of the weight monoid of the dual module W*.) Furthermore, we expect that the 

isomorphism ~ cannot follow from "very general" considerations, as the fol- 
lowing example, where S is not the weight monoid of a spherical module W, illustrates. 
Take G = SL(3) x Gm, G = SL(3) and S = {coi + £,C02 + e), where e is a nonzero char- 
acter of Gm- Set V = V(coi + e)* © V(co2 + e)* as in Section IZTl Since S is G-saturated, 

TxgMg ~ (V/g • xo)^'o and Tx^Mg ~ {V/g ■ xo)^'o by Remark|Z22l A direct calculation 

shows that dim{V / g ■ xo)'^''o = 1, whereas dim(V/g • xo)*^'" = 0- 

The following proposition explains how a general spherical module (G, W) fits into 
the classification of spherical modules. It is (somewhat implicitly) contained in ||Lea98i 
Section 2] and HCamOll Section 5.1]. Recall that given a spherical module (G, W), we put 
G^* := G' X GL(W)^. 

Proposition 4.5 (Leahy). Suppose p : G ^ GL(W) is a spherical module. Then the following 
hold: 

(i) If (G, W) is saturated and indecomposable, then (G, W) zs geometrically equivalent to an 
entry in Knop's List; 

(ii) (G®*, W) is a saturated spherical module; 

(Hi) (G^*, W) is geometrically equivalent to a product of indecomposable saturated spherical mod- 
ules; 

(iv) p{R) C GL(PV)G andp{G) = p{G')p{R) C GL(W); 

(v) Suppose (Gi,Wi), (G2, W2),. . ., (G„,W„) are spherical modules and let {K,E) be their 
product. Suppose {K,E) and (G®*, W) are geometrically equivalent and denote by (p : 
W — > E linear isomorphism establishing their geometric equivalence (see Definition 14. 2 P . 
If A = GL{(p){p{R)), then A C GL(E)^ and (G, W) is geometrically equivalent to 
{K' X A,E). 

Proof. Assertion (0) just says that Knop's List contains all indecomposable saturated spher- 
ical modules up to geometric equivalence (see [iLea98t Theorem 2.5] or [|BR96^ Theorem 
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2]). Next, let b be the number of irreducible components of (G, W). Assertion (O follows 
from the fact that GL(W)'^ ~ G^j (because W is a multiplicity-free G-module). Asser- 
tion dm) follows from the fact that if (Gi x G2, Wi ® W2) is saturated (resp. spherical) 
then (Gi,PVi) and (G2, W2) are saturated (resp. spherical). We come to (Hv). Note that 
R commutes with G and so p{R) commutes with p{G) hence the first assertion. For the 
second, we use a well-known decomposition of reductive groups: G = G'R. Finally we 
prove (jvj). Let us call ip: K ^ GL(E) and p^^: G®* — > GL(W) the representations. Then 
GL(^): |0®*(G^*) — > tp{K) is an isomorphism of algebraic groups. As GL(W)'^ C Z(G^*), 
its image GL(^)(GL(W)'^) belongs to the center of ^{K), which is a subset of GL(E)^. 
Because |0(R) C GL(W)G, it follows that A = GL{(p){p{R)) C GL(£)^. This proves the 
first assertion. Next, note that GL((/))(|0(G)) = GL{^){p{G')) ■ GL{(p){p{R)). Moreover, 

GL{<p){p{G')) = GL{cp){p{{G^'y)) = [Gmip^^G^'))]' = ipiK)' = ip{K') 

and the second assertion follows. □ 

The following lemma is well-known and straightforward. 

Lemma 4.6. Let X be an affine G-variety and let H be a connected subgroup of G containing 
G' (H is reductive by Lemma \4.16h Let be the Borel subgroup B n H of H and let p : 
X(B) X{Bh) be the restriction map. If we consider X as an H-variety, then its weight monoid 

^sp(AfG,x))- 

If, moreover, X is an affine spherical G-variety, then the following are equivalent 

(i) X is spherical as an H-variety; 

(ii) the restriction of p to A|^ is injective 
(Hi) the restriction ofp to A^q x) injective. 

Proof. The basic fact behind both assertions is that iiV = V(A) is an irreducible G-module 
of highest weight A, then restricting the action to H makes V into an irreducible H-module 
of highest weight p( A). This immediately implies that p(A^ C A^^^. For the re- 
verse inclusion, we can argue as follows. Let R be the radical of G and let ^ be dominant 
weight of H such that the isotypical component Aq^^ of A = C[X] is nonzero. Then R 

stabilizes ^^^y arid so A|^^ contains an eigenvector / for R. Then / is a B-eigenvector 

whose Bff -weight is }i. We have proved the first assertion. 

For the equivalence of (0) and dn), see for example [iCamOli Lemma 4.1]. The equiva- 
lence of dn)) and dnp follows from the fact that Aj-q x) is the subgroup of X(T) generated 
by A^ (see e.g. nLos09b[ Lemma 3.6.3]). □ 

Remark 4.7. (1) Theorem 5.1 of l|Kno98l is a somewhat refined version of Lemma |4l6l 

(2) For every saturated indecomposable spherical module (G, W), Knop's List, following 
l|Lea9 8l, gives a basis for (ker p)^ n (Aw)c ^ t*, where p is as in Lemma |4.6l In Knop's 
List, (ker p)([; is denoted 3* and (Avv)c is denoted a*. 

(3) For a simple example, suppose G = GL(n). Then G' = SL(n) and the kernel of the 
restriction map X(B) ^ X(B n G') is {cOn)z- 

Our first step in the reduction is to verify that our moduli schemes are 'invariant' under 
geometric equivalence. We do this in Proposition |4.15l below. First we prove an auxiliary 
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proposition stating that our moduli schemes behave 'as expected' under surjective group 
homomorphisms (Proposition |4.10|) . It will be of use on several occasions and is followed 
by a few lemmas we need in the proof of Proposition |4.15[ 

Before getting started we recall the following well-known fact (see e.g. ||Hum75l Corol- 
lary C of §21.3]) which will be used in what follows without being explicitly mentioned. 

Proposition 4.8. Suppose f: G ^ Hisa surjective homomorphism of connected linear algebraic 
groups. If T is a maximal torus of G and B is a Borel subgroup ofG, then f{T) is a maximal torus 
of H and f{B) is a Borel subgroup ofH. 

We also recall Yoneda's lemma (in its formulation taken from IIEHOOi Lemma VI-1]). 
In the proof of Proposition 14.101 we prove that two functors (Schemes) ^ (Sets) are 
isomorphic and conclude that the representing schemes are isomorphic as schemes (over 
C). 

Proposition 4.9 (Yoneda's lemma). If (Cat) is a category, Xi, X2 are two objects in (Cat) 
and the two functors fi,F2 : (Cat) (Sets) , with Fj = ¥{om(^Q^^^{—,Xi) are isomorphic (as 
functors) then Xi is isomorphic to X2 in (Cat). 

Proposition 4.10. Suppose f : G ^ H is a surjective group homomorphism between connected 
reductive groups. Put Th '■= fij) and B^ = /(B) and write f* for the map X{Th) ^ ^C^) 
given by X —> Xo f. Let S C X{Th) be the weight monoid of an affine spherical H-variety (with 
respect to the Borel subgroup Bh)- Then ~ schemes. 

Proof. Using the description in IIABOSi Proposition 2.10] we show that the two functors 
Ai^ and A^^*^^) are isomorphic. Underlying the proof, which is an exercise in 'abstract 
nonsense/ is the (elementary) fact that the category of H-modules is equivalent to the 
category of G-modules with highest weights in /* (A^), where is the set of dominant 
weights in X{Th) with respect to the Borel subgroup B^ '■= f{B) of H. 

The aforementioned equivalence is established by (the co-restriction of) the obvious 
functor £ : H-modules — > G-modules induced by /. Further let : T^f-modules — > 
T-modules also be the obvious functor induced by /. Let A be the T^-algebra €.[S] 
and put := Coind^^(A) (For a quick discussion of the co-induced module see IIABOSi 
p. 104]). Note that J^{A) and A have the same underlying set and that J^{A) is naturally 
a T-algebra for the same multiplication as that of A. We also introduce the contravariant 
functor A/": (Schemes) — > (Sets) which assigns to a scheme X the set of G-multiplication 
laws on Ox '^c ^(^) that extend the T-multiplication law on J^{A). Note that R and£{R) 
have the same underlying set as well and so, trivially, A/"(X) = A^^(X) for any scheme 
X. What remains is to prove that M ~ 

Let D be the T-algebra C[/*(<S)]. Then there exists an isomorphism of T-algebras (p : 
D — 7- J^{A) by the well-known fact that multiplicity-free T-algebras without zero divisors 
are determined up to T-isomorphism by their weight monoid, and Lemma 14.121 below. 
Furthermore, the inclusion/: J^{A) ^ £{R) is T-equivariant. By the universal property 
of the map i: D ^ Coindf (D), there exists a unique G-equivariant map of modules 

ip : Coindg (D) £{R) such that ip o i = j o (p. Now, ip is in fact an isomorphism because 
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it restricts to an isomorphism [Coindg (D)]^ — ^ £{R)^. Using the commutative diagram 

D Coindf (D) 

J-(A) S{R) 

it is straightforward to find the natural transformations that establish the isomorphism 

Remark 4.11. One can prove that, with the obvious rephrasing. Proposition 14.101 holds 
for all moduli schemes My (as defined in tABOSJ) with Y a multiplicity-finite affine Th- 
scheme. 

For what follows, some temporary notation will be useful. Suppose T C B C G are a 
maximal torus and a Borel subgroup of G and let X be a G-scheme, where the action is 
|0: G — > Aut(X). Then we denote by A{T, B, G,p) the weight set with respect to B and T 
of X, viewed as a G-scheme with action given by p. 

Lemma 4.12. Let G, H,f,f*, Th and Bh be as in proposition 14.101 Let X be an H-scheme and 
denote the action p: H ^ Aut(X). Put 

S:=A{Th,Bh,H,p) 
I:=A{T,B,G,pof) 

Thenp{S) = T. 

Proof. This is a straightforward verification. We will use • for the action of G on C[X] 
induced by p o / and * for the action of H induced by p. Consequently, for g G G and 
P G C[X], we have g-P = fig) * P. 

First, we prove that f*{S) C T. Take A G <S. Then there exists a nonzero P G C[X] so 
that b*P = A{b)P for every b G Bh- Since Bh = f{B), this means that b-P = f{b) * P = 
\{f{b))P for every G B. In other words /* (A) = A o / is in T. 

For the reverse inclusion, F C f*(S), take A G F. Then there exists a nonzero P G C[X] 
so that b ■ P = A(&)P. Since b ■ P = f{b) * P, this implies that P is a B/j-eigenvector. It 
follows that there exists 5 G X{Bu) so that b -P = f{b) * P = 3{f{b))P. Consequently, 
A = ^o/ = /*(^)G/*(5). □ 

Lemma 14.131 checks, when X is a multiplicity-free affine G-variety, that, as expected, 
is independent up to isomorphism of schemes (over C) of the choice of maximal 

torus T and Borel subgroup B. In other words, is determined by the pair (G, X). 

^x 

Lemma 4.13. Suppose T\, T2 are maximal tori ofG and B\, B2 are Borel subgroups ofG such that 
Ti C Bi and T2 C B2. Suppose X is a multiplicity -free affine G-variety with action p: G ^ 
Aut(X). For i = 1, 2, put Fj := A{Ti, B„ G, p). Then we have an isomorphism of schemes 

23 



Proof. First note that there exists a g G G so that gBig~^ = B2 and gTig~^ = T2. Let / be 
conjugation by g, that is, /: G G,h ghg~^. Put S = A{Ti,Bi,G,p of). Then, by 
Lemma I4T2I f*{T2) = S. Further, the map 

X^X:x^p{g){x) 

is a G-equivariant isomorphism between p and p o f. This implies that the two representa- 
tions of G on C [X], induced by p and po f respectively, are isomorphic too. Consequently, 
Fi = S, whence /* (F2) = Fi. Proposition WM then tells us that Mp^ ~ Mp^. □ 

Lemma 4.14. Suppose p: G —> GL(W) is a spherical module and let E = {ei, . . . , en} be a basis 
ofW. As usual, this basis defines an isomorphism of algebraic groups Mat^ : GL(W) —> GL(n), 
where for h G GL(PV), Mat£;(/z) is the matrix uniquely specified by the property that h{ei) = 
J^p{MatEih))piepfor all i. Put H := Mat£(|0(G)) C GL(n). Then we have an isomorphism of 
schemes 

Proof. The map 

p: :G^GL{n),g^MatE{p{g)) 

makes C" into a G-module and Proposition 14. 101 tells us that M^„ ~ M^„. It is a straight- 
forward verification that the linear isomorphism 

(/) : C" ^ W,{ai,...,an) ^ J^aiCi 

i 

is G-equivariant. It follows that C[C"] and C[W] are isomorphic G-modules and therefore 
that Mg„ ~ M^. □ 

Proposition 4.15. Suppose pi: Gi GL(Wi) and p2'- G2 GL(W2) are geometrically equiv- 
alent spherical modules. Then we have an isomorphism of schemes 

G G 

Consequently, dim TxgMp^^ = dim Tx^M^^, where by abuse of notation, Xq on each side denotes 
the unique closed orbit of the corresponding moduli scheme. 

Proof. Put n := dimPVi. As a straightforward verification shows, (Gi, Wi) and (G2, W2) 
are geometrically equivalent if and only if dim Wi = dim W2 and there exists a basis £1 of 
Wi and a basis E2 of W2 such that, using notation introduced in Lemma [4. 141 we have the 
following equality of subsets of GL(n): 

MatEi(^i(Gi)) = MatE2(^?2(G2)). 

PutH = MatEi(|Oi(Gi)) = MatE2(|02(G2)). Then, by Lemma HH we have M^^ ~ Mg, ~ 
, which proves the first assertion of the proposition. 

Taking into account that, for i = 1,2, Xg is in the closure of all orbits on under 
the action of the adjoint torus of Gi, it follows from the semicontinuity of the dimension 
of the Zariski tangent space that dim TxqM,^ is the maximum possible dimension of the 

tangent space at closed points of M,^ . The second assertion follows. □ 
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Lemma [4.161 recalls an elementary fact we use in the proof of Proposition 14. 1 81 



Lemma 4.16. Suppose H is a connected reductive algebraic group and K is a closed subgroup of 
H containing H' . Then K is reductive. 

Proof. We have to prove that the unipotent radical F of K is trivial. As is well known, 
H = H'R, where R is the radical of H. Since H' C K we have that H' normalizes F. 
Clearly R (as a subset of the center of H) normalizes F. It follows that F is a normal 
connected unipotent subgroup of H. Since H is reductive, F is trivial. □ 

The next lemma states how the invariant d^ behaves under restriction of center, geo- 
metric equivalence and taking products. We need two of its assertions in the proof of 
Proposition 14.181 It will also be of use later. 

Lemma 4.17. (a) Suppose G is a connected reductive group and let (G, W) be a spherical module. 
Let G be a connected (reductive) subgroup of G containing G . Assume that the restriction 
(G, W) of (G, W) is also spherical. Then both modules have the same invariant d^. 

(b) Suppose (Gi, Wi) and (G2, W2) are geometrically equivalent spherical modules. Then d^^ = 
dw2- 

(c) Let (Gi, Wi), (G2, W2), . . . , (G„, Wn) be spherical modules and let (G, W) be their product. 
Then 

dw = ^Wi + • • • + dw. 



Proof. For ([aj) just combine Lemma [4.61 with Lemma [2.271 (or with Lemma [2. 7|) . Next, to 
prove ©, let |0i : Gi — > GL(Wi) and 1O2 : G2 — > GL(W2) be the representations. Sup- 
pose (p : Wi W2 is a linear isomorphism establishing the geometric equivalence. Then 
GL(^) : |Oi(Gi) — > |02(G2) is an isomorphism of algebraic groups. Let LT be a maximal 
unipotent subgroup of Gi. Then Ui := pi{U) is a maximal unipotent subgroup of pi{Gi) 
and U2 := GL{(p){pi{U)) is a maximal unipotent subgroup of |02(G2). Moreover, cp in- 
duces an isomorphism of vector spaces W^^ ~ and an isomorphism of algebras 
C[Wi]^i ~ C[W2]^2. Since, for i G {1,2}, dimW/^' is the number of irreducible com- 
ponents of Wj and dim Spec (C[W;]^') is the rank of the weight group of Wj, Lemma [Z7[ 
proves assertion ®. We turn to (jcj). This assertion follows by combining Lemma [Z7[ with 
the fact that A+ = A+ ^^^^^ © ... © A+ ^^^^^^ . □ 

Proposition 4.18. Let (G, W) be an indecomposable saturated spherical module. Suppose that 
G = G®* (hence Z(G)° = GL(W)'^) and that H C Z(G)° is a subtorus such that W is spherical 
for G' X H. Assume that the conclusion of Theorem \1.2\ holds for every pair (G, W) in Knop's 
List with G of a type that occurs in the decomposition ofG' into almost simple components. Then 

dim TxgM^^^ = dim Tx^M^ = dysj, where by abuse of notation each Xq stands for the unique 
closed orbit of the corresponding moduli scheme. 

Proof. By Proposition |4.5[|il) , (G, W) is geometrically equivalent to an entry in Knop's List, 
say {K,E). Suppose ^ : W — > E is a map establishing the geometric equivalence (see 
Definition I4.1|l between (G, W) and {K,E). We first claim that there exists a connected 
reductive subgroup K C K containing K for which E is still spherical and so that (p also 
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establishes the geometric equivalence of (G' x H, W) and {K,E). Indeed, let p : G — )■ 
GL(W) and xp : K ^ GL(E) be the representations and put pi = p\g'xH- Then f := 
GL(^)(im|Oi) is a connected subgroup of tp{K) containing xp{K)' = xp{K ). The reason 
is that GL(^)(im|Oi) contains GL(^)((im|0)') = (GL(^)(im|0))' = {-^{K))' , since imp i 
contains (im|0)'. Now set K := x()~^{F) and let K be the identity component of K. Then 
K is a subgroup of K containing k' and therefore so is K. Lemma 14.161 then yields that 
K is reductive. Clearly tp{K) = F = GL(^)(im|Oi) (since F C imip). Since tp{K) = 
^{K) because ^p{K) is connected (see e.g. ||Hum75i Proposition B of §7.4]), (p establishes 
the geometric equivalence of pi and xp\K- It also follows (by Remark |42H b|)) that E is a 
spherical module for K. This proves the claim. 

By Lemma HilZltaj), (G, W) and (G' x H, W) have the same invariant dy^, and {K, E) and 
{K,E) have the same invariant d^. By assumption, the conclusion of Theorem 11.21 holds 

for {K,E) and so dimTxoMf = dimTxoMf = d£. Thanks to Lemma l4.17t |b]), rf^ = dvv- 

Finally, by Proposition UlSl dim Tx^M^ = dim Tx^M^ and dim Tx^Mf = dim TxoM^''^, 
and we have proved the proposition. □ 

The next proposition reminds us that the normal sheaf behaves as expected with respect 
to products. 

Proposition 4.19. Let n be a positive integer. Suppose that for every positive integer i < n we 
have a finite-dimensional G-module Vj and a G-stable closed subscheme X; of V,-. For every i, we 
put 

li := I{Xi) C Ri the ideal ofXi in Vi 
Ni:=HomR^{I„R,/I,) 

We also put 

V:=®iVi R:=C[y]~®,R, 
X:=XiX...xX„ I:=I(X)CC[V] 

N := UomR{I,R/I) R^ := ®j^rRj/lj 

where all the tensor products are over C. We then have canonical isomorphisms of R-G-modules: 

Proof It is clear that, for 1 < j < n, we can consider Ij as a subset of I. For 1 < i < n we 
define the G-stable R-submodule Nj C N by 

Ni = {(p ^ N such that (p{a) = when a is in Ij and ; 7^ z}. 

Using |Nor65[ Lemma 9] it follows that N = ©■L;^N;, and that is canonically isomor- 
phic to Ni R as an K-module with the isomorphism being G-equivariant. In turn, 
Ni ^R. R is canonically isomorphic to Ni <^£ Ri. □ 
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Corollary 4.20. Let nbea positive integer and suppose that for every positive integer i < n, Gi is a 
connected reductive group, Vi is a finite-dimensional Gj-module and X, is a multiplicity-free G/- 
stable closed subscheme ofVi. Put G := Gi x . . . x G„. Define N and N, as in Proposition \4.19\ 
Then we have a canonical isomorphism ofC-vector spaces 

(4.2) ~ ©,Nf '. 

Proof. In this proof all the tensor products are over C. We introduce the following notation 
for every i G {1, . . ■ ,n}: Gj := Xj^iGj. Using Proposition 14. 191 (and its notation) we have 
that 

(4.3) ~ ®^{Ni ® Rif = ©KNf ' ® Rf') = ©^(Nf ' ® C), 

where the last equality uses the multiplicity-freeness of R;. □ 

Remark 4.21. An immediate consequence of this corollary is that if (Gi, Wi) and (G2, W2) 
are spherical modules and (G, W) is their product, then dimTxgMw = dimTx^Mwi + 
dim TxoMw2/ where by abuse of notation each Xq denotes the unique closed orbit of the 
corresponding moduli scheme. This is how we will use the corollary (in the proof of 
Corollary 1424]). 

Proposition 4.22. Suppose that for every i G {1, . . . , n} we have an indecomposable saturated 
spherical module (G,, W,). For every i, assume that Gj = Gf and that the conclusion ofTheo- 
rem \1.2\ holdsfor every pair (G, W) in Knop's List with G of a type that occurs in the decomposition 
ofG[ into almost simple components. For every i we put 

Z, := Z(GO° = GL(WO^'; 
E, := A+ , V, := ©a,£,V(A); 

Xi = GiXi, where = YLxeE,'"^- 

Put G := Gi X . . . X G„. We also define Ni and N as in Proposition 14.191 Finally suppose that A 
is a subtorus ofZ\ x . . . x Z„ such that Wi © . . . © W„ zs spherical for G := G'-^x . . . x G'.^x A. 
Then 

(4.4) = 
Proof. We continue to use the following notation 

G\ := Xj^iGj G- = Xj-/,iG'j. 



In this proof all the tensor products are over C. To prove (|4.4[) it is sufficient (by Proposi- 
tion |4[19]) to prove that (N; ^Rif = (N/ ^Rjf for every i. We clearly have that 



Recall from equation (|43]) that {Ni ^ Rjf = ' ^ Fq, where Fq := R-f' ~ C is the set of 
constants in R, . We will prove that 
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The inclusion N- ' Fq C F is clear. For the other inclusion, assume, by contradiction, that 
F is not a subspace of N- ' ^ Fq. Then there exist a character A G X(A), a nonzero vector v 

G- -^G- G- 

in N- ' of weight — A and a nonzero vector w of weight A in R- ' such that v ^ N- ' Fq. 
It follows that A 7^ 0, for otherwise 

where p : XyZy — )■ Z, is the projection, while Proposition |4.18l tells us that N- ' = N- ' 
(because Wj is spherical for G| x p(A)). 

Now, by Lemma |4]23] below, we have that X,- is spherical for G'- x ker A, hence for G- x 
p(ker A), since A acts on X, through the factor Z,. Again by Proposition |4.18[ we have 
that = vVe obtain a contradiction: u G jyG, xp(kerA) ^j^^^^^ ^ j^^^ A-weight 

A, but ^ N^"' since A is nonzero and therefore p(A) C G, does not fix u. □ 

Lemma 4.23. Let Gi and G2 be connected reductive groups and let A\ and A2 be tori. Suppose 
that jor every i G {1,2} we have a normal affine Gi x Ai-variety X,. Let A C Ai x A2be a 
subtorus such that Xi x X2 is spherical for the action restricted to Gi x A x G2 C Gi x Ai x 
A2 X G2. If A ^ ^(^) such that the eigenspace C[X2\^'^ contains a nonzero A-eigenvector of 
weight A, then Xi is spherical for Gi x ker A. 

Proof. Pick Borel subgroups and maximal tori Ti C Bi C Gi and 12 C B2 C G2. In this 
proof we identify X(A) with its image under the canonical embeddings into X(A x Tj) 
for i G {1,2} and into X(A x Ti x T2). 

Clearly, Xi is spherical for Gi x A. If Xi is not spherical for the subgroup Gi x ker A, 
then there are highest weight vectors /a, G C [Xi ] (^1 ^ ^) of weight a and /3 respectively 
such that a: 7^ j6 and a = /3 on ker A C Ti x A. This implies that oc — fi = dX for some 
integer d. Reversing the roles of a and /3 if necessary, we assume d nonnegative. 

It is given that there is a iii C[X2]^'^^^^^ of weight A. We then have that the two 
(Bi X A X B2) -eigenvectors C?) 1 and f^^ gfi^ C[Xi] (8) C[X2] have the same weight. 
This contradicts the sphericality of Xi x X2 for the action of Gi x A x G2. □ 

Corollary 4.24. Let (G, W) be a spherical module and let S be its weight monoid. Assume that 
the conclusion of Theorem \1.2\ holds for every pair (G, W) in Knop's List with G of a type that 
occurs in the decomposition ofG' into almost simple components. Then 

(4.5) d\mTx,Ms = dyj. 

Proof. In this proof, by abuse of notation, Xq will stand for the unique closed orbit of 
the relevant moduli scheme. By Proposition 14.51 there exist indecomposable saturated 
spherical modules (G„W,) in Knop's List, with i G {1,2, ... ,n}, such that (G®*, W) is 
geometrically equivalent to the product {K,E) of the (G,, W,), and such that (G, PV) is 
geometrically equivalent to {K' x A, E) where A is a subtorus of GL(£)^. By assumption, 
the conclusion of Theorem [L2] holds for each (G,, PV,) and so 

dim TxqM^. = dvv, for every i G {1,1, ... ,n}. 
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As a consequence. Corollary 14.201 and Lemma l4.17t [c|) yield that 

(4.6) dimTxoMf = rfE. 

On the other hand, using that GL(E)^ = X/GL(W/)^', Proposition |422l tells us that 

(4.7) dim TxoMf ' = dim TxoMf , 
whereas by Proposition 14. 151 

dimTxoMG =dimrxoMf'^^. 

With equations (|4.6|) and (|4.7|) and Lemma 14. 1 7[faib1) this implies equation (|4.5|) , as desired. 

□ 

5. Proof of Theorem 1L2J 

In this section, we prove Theorem 11.21 through case-by-case verification. Formally the 
proof runs as follows. We have to check the theorem for the 8 families in List IS.ll below. 
For families dD, ^ and ©, the arguments are given in Sections 15. 1[ 15.21 and 15.31 respec- 
tively. For family dU, the theorem follows from Proposition 15.131 on page |34j for family 
dS) it follows from Proposition 15.151 on page |35j for family Q from Proposition 15.231 on 
page|39} for family from Proposition 15.461 on page|5H and for family dS) from Proposi- 
tion 15.571 on page [62] Thus, all cases are covered. 

Each subsection of this section corresponds to one of the eight families given in the 
following list. 

List 5.1. The 8 families of saturated indecomposable spherical modules (G, W) with G of 
type A in Rnop's List are 

(1) (GL(w) X GL(n),C'« (g) C") with 1 < m < n; 

(2) (GL(n),Sym2c") with 1 < n; 

(3) (GL(n), C") with 2 < n; 

(4) (GL(n) X G„„ ffi C") with 4 < n; 

(5) (GL(n) X G«, A^ C" e (C")*) with 4 < n; 

(6) (GL(m) X GL(n),(C'" ®C") ©C") with 1 < m,2 < n; 

(7) (GL(m) X GLfn),^^" ®C") ©(C")*) with 1 < m,2 < n; 

(8) (GL(m) X SL(2) x GL(n), (C" ® C^) © (C^ ® C")) with 2 < m < n. 

Remark 5.2. The indices m and n in family dS) and family dZ]) run through a larger set 
than that given in Rnop's List. Knop communicated the revised range of indices for these 
families to the second author. We remark that these cases do appear in the lists of [|Lea98J 
and IIBR96I . 

Remark 5.3. (i) Recall from Lemma IZTl that for a given spherical module W it is easy to 
compute dw from the rank of A^. 

(ii) Recall that by Corollary 12.61 it is enough to prove that dim Tx^M^ < f^w for every 
(G, W) as in Theorem II. 21 to establish the theorem. 

(iii) Note that by Lemma |4.16l a subgroup G of G containing G is automatically reductive. 
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In each subsection, (G, W) will denote a member of the family from List 15.11 under 
consideration. Here is some more notation we will use for the rest of this section. Given 
a spherical module (G, W) from Knop's List, 

- E denotes the basis of the weight monoid Ai^^,^, of W* (the elements of E are 

(G,W*) ^ 

called the 'basic weights' in Knop's List); 

- V = ©A6£^(A); 

- ^0 = Ea6£ ^A- 

Except if stated otherwise, G will denote a connected subgroup of G containing g' such 
that (G, W) is spherical. To lighten notation, we will use G' for the derived subgroup G of 
G. This should not cause confusion since (G, G) = (G, G) = G'. We will use T for a fixed 
maximal torus in G and put T = T n G and T' = T n G'. Then T C G and T' C G' are 
maximal tori. We will use p: X(r) ^ X{T),q: X(T) X(T) and r: X(T) ^ X(r) for 
the restriction maps. Similarly, B is a fixed Borel subgroup of G containing T and we put 
B = B n G and B' = B n G'. Then B and B' are Borel subgroups of G and G', respectively. 
Note that the restriction of p to is injective and we can, and will, identify the root 
lattices of G, G and G'. Moreover, our choice of Borel subgroups allows us to identify 
the sets of positive roots (which we denote R~^) and the sets of simple roots (which we 
denote H) of G, G and G'. Note also that since Z(G') = Z(G) n T', we have that T' ^ T 
induces an isomorphism T' /Z{G') ~ T/Z(G). We therefore can (and will) identify the 
adjoint torus of G, G and of G' and we denote it Tad. We will use co,co',co" for weights 
of the first, second and third non-abelian factor of G, while e will refer to the character 

Gm — ^ Gm, Z H- > Z of Gm- 

Recall our convention that by the Tgd-action on V (and on V/ g • xq, [V I g • Xo)*^^", etc.) 
we mean the action given by oc (see Definition 12. ll)) . The T^d-action on refers to the 
action given by i/?, see page [HI 

Remark 5.4. We have the following isomorphism of G-modules (where G acts on V as 
a subgroup of G): V ~ ©Ae£^(^?('^))- Using Lemma [2.201 it follows that the T^j-module 

{y I g • Xq) only depends on (G, W) (that is, it does not depend on the particular sub- 
group G). 

We will also use 

- *S for the weight monoid of (G, W), that is »S = ; 

- S for the weight monoid of (G, W); i.e. S = cj{S); 

- A for the weight group of (G, W*), that is A = A^^^^h.^ = (E)z C X(T); 

- A for the weight group of (G, W*); i.e. A = q{A). 

Note that the weight group of (G', W*) (which is not necessarily spherical) is r(A) = p(A) 
and that the weight monoid of (G', W) is r{S) = p{S). 

Remark 5.5. In proving Theorem 11.21 for families (O, ^ and ((Z| we exclude certain T^j- 
weight spaces in (V/q ■ Xq)^''o from belonging to the subspace Tx^M^. Comparing with 
the simple reflections of the little Weyl group of W* computed in Rnop's List suggested 
which Tad'^^^ights we had to exclude. Logically however, that information from Knop's 
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List plays no part in our proof. In fact, because dim TxqM^ is minimal (by Theorem ll.2|) , 
the computations of the Ta^-weights in Tx^M^ we perform in this section confirm Knop's 
computations of the little Weyl group of the spherical modules under consideration. For 
the relationship between the T^d-weights in Tx^M^ and the little Weyl group of W*, see 
Remarks |Z8] and IZTSi 

5.1. The modules (GL(m) x GL{n)X"' ^ C") with 1 < m < n. Here 

dvv = ffi — 1. 

When m < n the module W is spherical for G' = SL(m) x SL(n), because {c0m,C0n)z. H 
A = 0, and its weight monoid p{S) is G'-saturated. Corollary 12.281 therefore takes care 
of these cases. The only case that remains is when m = n. Then W is not spherical for 
G' because cOm + G E. Moreover, for the same reason, S is not G-saturated for any 
intermediate group G for which W is spherical. We prove that in that case too {V / g ■ 

G' 

xq) ''o has dimension d^. 

G' 

Proposition 5.6. Suppose m = n. Then the T^^-module {V /g - xq) ""o is multiplicity-free and 
its weight set is 

{(Xi + 0:^,0:2 + 4/ • • -/^^m-l + <^'m-\}- 

G' r 

In particular, dim( V/ g • xq) ''o = dw- Consequently, dim TxgM^ = d^. 
Proof. First note that 

p(A) = {coi+co[,..., cv^.i + co'^_^)^ C X(r'). 
Suppose u is a -eigenvector in V of weight 7 so that [v] is a nonzero element of (V/g • 
Xo)^'0- Then 

(5.1) 7Gp(A)nAj? 

by Lemma |2.18[|b1) . Clearly, p(A) n Aj^ is the diagonal of A^, that is, the group 

Moreover, Lemma [2.19t(Bl) implies that there exists a simple root 6 of G' so that 

(5.2) 7 — ^ (which is the weight of Xsv) belongs to U {0}. 

Equations (|5.1)) and (|5.2|) imply that 7 = 0;; + oc'- for some i with 1 < i < m — 1. 

We next claim that the Ta^-eigenspace of weight a;/ + a- in V is one dimensional for 
every i with 1 < z < m — 1. Indeed, the only G'-submodule of V which contains 
an eigenvector of that weight is V{cOi + a;-) and the eigenspace is the line spanned by 
X_ft;,X_^/Xo = X-a'X-a/^o- This finishes the proof. □ 

Remark 5.7. To relate Mg to M^^'^^, put E' = E \ {cOm + co'm}> = ffiAe£'V(A) and 
x'o = Ea6£'^a- Then 

(5.3) Tx,Mf^s) {V'/q' ■ x'ofk ~ {V/5 ■ xof^o ~ Tx^Mg 
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as Tad-modules. Indeed, this is straightforward since p{S) is G'-saturated, and the G- 
module V{cOm + oo'm) is one-dimensional and therefore a subspace of g • xq. Moreover, 
with Theorem |2.25i the second isomorphism in (|5.3|l provides a second argument for the 

g' 

multiplicity-freeness of ( V/g • Xq) ''o . 

Example 5.8. We illustrate Proposition 15.61 for m = n = 3 and G = G = GL(3) x GL(3). 
Consider two copies of C^^, one with basis ei, ei, £3, the other with basis fi,f2,f3, and with 
the first (resp. second) copy of GL(3) acting on the first (resp. second) copy of C^^ by the 
defining representation. Then we can take 

V = C^(^C^® A^C^ (g) A^C^ e A^C^ ^ A^C^; 

xo = ei (X) /i + ei A e2 (X) /i A /2 + ei A £2 A es (8) /i A /2 A /s. 

Consequently, 

g-xo= {ei^ fi,ei A ^2 (^/i A /2,ei A £2 A ^3 A/2 A /s, 

ei (X) /i, £3 <^ /i - £2 A £'3 (g) /i A /2, ei A e3 (g) /i A /2, 





ei 


5 fi, e\ 


5/3- 


£'1 A e2 /2 A /3, fi A e2 /i A /3)c, 




C2 \ 




C4 




b 


C3 






C6 ) 1 fl,fcGC^Cf GC} 







■ 








and (y/0 • xo)^^o = ([£2(8 fi], \e\ A £3 /i A /3])c- 
5.2. The modules (GL(n),Sym2 C") with 1 < n. Here 

E = {2a;i,2a;2,. . .,2a;„}; 

rfvv = ?^ — 1. 

Because 7.<xin £ E, there is no group G with G' C G C G for which (G, PV) is spherical. 
Hence we assume that G = G = GL(n). For the same reason, S = Sis not G-saturated. 

Proposition 5.9. The T^^-module {V I % ■ xo)'^''o is multiplicity -free and has T^^i^-weight set 

{2ai,2a;2,. . .,2a„_i}. 
In particular, its dimension is dyj- Consequently, dim Tx^M^ = c/vv- 

Proof. This proof is very similar to that of Proposition 15. 6[ Suppose is a T^^ -eigenvector 
in V of weight 7 so that [v] is a nonzero element of {V / Q • Xq)'^''o. Then 

(5.4) 7 G A n Ak 

by Lemma|ZlHB- A straightforward calculation yields that A n Aj^ = 2Aj^. Lemma r2.19[|B)) 
implies that there exists a simple root ^ of G so that 

(5.5) 7 — ^ (which is the weight of Xsv) belongs to U {0}. 

Equations (|5.4|) and (|5.5|) imply that 7 = 2a;- for some z G {1, . . . , n — 1}. 

We next claim that the Ta^-eigenspace of weight 2a;/ in y is one dimensional for every i 
with 1 < i < n — 1. Indeed, the only G-submodule of V which contains an eigenvector of 
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that weight is V{2cOi) and the eigenspace is the line spanned by X-ajX-a^xo- This finishes 
the proof. □ 

Remark 5.10. As in Remark |5]Zl we relate to ^p[s)- E' = E \ {IcOn} and define 
V' and x'q as in Remark |5^ Then 

The first isomorphism holds because p{S) is G'-saturated. Here is an argument for the 
second. One can check that when n is odd, p(A) n Aj? = 2Aj?, but when n is even, 
p(A) n Ak 2 2Aj? (e.g. for n = 4, a;i + a3,ai + 2ci2 + ^3 G p(A) n A^). So, for n odd, 

the argument in the proof of Proposition 15.91 shows that {V' / q' ■ x'q) 'o is a multiplicity- 
free Taj-module with T^d-weight set {2dci, . . . , 2a:„_i}. Of course, the multiplicity-freeness 
also follows from Theorem |2.25[ For n even, an argument ruling out possible T^d -weights 
as listed in Remark 12.261 — like, e.g., in the proof of Lemma [5.31j — again shows that the 

Tad-weights in {V' / q' ■ x'q) 'o belong to the set {2oii, . . . , 2a:„_i} and it follows as before 

G' , 

that {V / g' ■ x'q) 'o is a multiplicity-free T^d-module with T^d-weight set {2ai, . . . , 2a;„_i}. 
5.3. The modules (GL(n),A^C") with 2 < n. Here 

E = {cv2r.i<i< Lfj}; 
= L^J - 1- 

When n is odd this module is spherical for G' = SL(n), because {cOn)z n A = 0, and 
p{S) is G'-saturated. Corollary 12.281 therefore takes care of these cases. 

On the other hand, when n is even, cOn £ E, and so there is no group G with G' C G C G 
for which (G, W) is spherical. Moreover, for the same reason, S = S is not G-saturated. 

C G' 

As it needs no extra work compared to {V/q ■ xq) "o, we prove that {V / g ■ xq) has 
dimension d^. 

G' 

Proposition 5.11. Suppose n >2is even. Then the T^^j^-module {V / g ■ xq) is multiplicity -free 
and has T^^-weight set 

{di + 2a:,+i + a:,_|_2 : 1 < z < n — 3 and i is odd}. 

In particular, dim(\//g ■ xq) -^0 = ^ — 1 = dy^. Consequently, dim Tx^M^ = dyg. 

Proof. Put E' = E \ {cOfi} and define V and x'q as in Remark W7\ Then g- Xq = g' ■ x'q® 
V{cOn) and V = V ® V{cjOn) and so V/g • xq — ^Vfl' • x'q as G'^^ x Tad-modules. Since 
the freely generated submonoid p((£) in) = (a;2,W4, . . .,a;„_2)N ^ X(T') of dominant 
weights of G' is G'-saturated, Theorem |2.25l tells us that {V / g ■ xq)'^''o ~ {V' / g' ■ x'q)^''o is 
a multiplicity-free T^d -module. 

Now, suppose y is a Tad-eigenvector in V of weight 7 so that [y] is a nonzero element 

of iy/g ■ xq)^''o. Then 

(5.6) 7Gp(A)nAR 
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by Lemma |2.18[|b|| . We next claim that 

p(A) n Ar = {oLj + Idij^i + a:,+2 : 1 < 2 < h — 3 and i is odd)z- 

Indeed, the inclusion is clear. For the other inclusion, let j6 = I^"jr/ w/a;,, with all 
Ui G Z, be an element of Aj^. Then /3 = Y^ll Ui(—C0i_i + 2cOi — Wj+i), where coq = 
OJn = 0. Then, after rearranging terms, we see that j6 G p(A) if and only if for all even 
i G {0, . . . ,n — 2}, we have 2ui^i = Uj + Ui^2' where uq = Un = 0. Consequently, when i 
is even, so is Ui and 

= E y(a,_i + 2a; + a,+i), 

2<i<n—2,i even 

which proves the claim. 

Now, Lemma [2.191(51) implies that there exists a simple root S of G' so that 

(5.7) 7 — ^ (which is the weight of Xgv) belongs to U {0}. 

Equations (|5.6|) and (|5.7|) imply that 7 = 0;; + 2a;,_|_x + a:;^2 for some odd z with 1 < z < 
n — 3. We have proved the proposition. □ 

Remark 5.12. The proof of Proposition 15 . 1 1 1 implies that when n is even 

as Tad-modules. As said before, when n is odd, TxoMG'^) ~ TxoMG by Corollarylzm 

5.4. The modules (GL(n) x G^, C" C") with 4 < n. We now have 

£ = {cv2t-i + e: 1 < 2 < [|j } U {^V2^: l<i< }; 
dw = n — 2. 

The modules W are not spherical for G' because A n (a;„, e)z 7^ 0. Moreover, for the same 
reason, S is not G-saturated for any intermediate group G for which W is spherical. 

G' 

Proposition 5.13. T/ze T^^-module {V / q ■ xq) ^0 is multiplicity-free with T^^-weight set 

{cci + : 1 < z < n — 2}. 

7n particular, dim{V/g • Xo)^''o = dw- Consequently, dimTx^M^ = d\A/. 

Proof. Note that V = V (B Cz, where z := t^aj„+e ^ V if n is odd and z := u^;,, G V if n 
is even, and that V ~ ^(o^i) ® ^(a;2) ® . . . © V(cOn-i) as a G'-module. Since Q ■ xq = 
0' • Xg ® Cz, where Xq = xq — z, it follows that V/q- xq ~ y'/g' • ^0 G^^^ x r^d -modules. 

/ G' 

Because G^^, = G'^, we have (V/g • Xof'o ~ (y'/g' • x'q) '0, and by BBCFOSl Corollary 3.9 

" G', 

and Theorem 3.10] we know that {V /g' • Xq) ''0 is a multiplicity-free T^d-module whose 
Tjd-weight set is {a; + ftf+i : 1 <i <n — 2}. □ 

Remark 5.14. The proof of Proposition 15. 13| implies that 

TxoMf^S^ {V'/q' . x'ofk {V/q • xo)^-^o ^ Tx^Mg 

as Tad-modules. 

34 



5.5. The modules (GL(n) x Gm, C" © (C")*) with 4 < n. For these modules we have 

E = {A/ : 1 < z < n - 2, z odd} U {Ay : l<j <n,j even} U 
dyf = n — 2, 

where 

A/ := coi + e for 1 < z < n — 2 with z odd; 

Ay := a;y for 1 < j < n with / even; 

:= COn-l -COn+£- 

These modules are not spherical for G' because A n {cOn, e)z 7^ 0. Moreover, for the same 
reason, S is not G-saturated for any intermediate group G for which W is spherical. 

Proposition 5.15. Suppose n > 4. The T^^-module TxqM.'^ is multiplicity -free and has T^^- 
weight set 

(5.8) {iXi + iXjj^i : 1 < z < n — 2} when n is even; 

(5.9) {oLj + OLjj^i : 1 < z < n — 3} U {ocn-i} when n is odd. 

In particular, dim TxpM^ = dy^. 

Proof. When n is even, we are done by Proposition 15 . 1 6 [ because dim(y/ Q- Xq) ''o = rfw- 
On the other hand, when n is odd, let / be the set (|5.9|) and put j6 = a;„_2 + We 

prove in Proposition 15.171 that {V /q- xq) ''o is multiplicity-free, and that its Tgd-weight 
set is a subset of / U {/3} and contains /3. In particular, dim(y/0 • xq) •'^o < dyj + 1. 
When j6 is not a Tad-weight of {V/q ■ xq)^^ q, it follows that dim(y/0 • xq)'^^o < dyj 
and we are done. We show in Proposition 15.211 that even when /3 is a T^j-weight of 
{V / g • xq)'^''q, the corresponding section in H^{G ■ xq, A/xq)*^ does not extend to Xq. Con- 
sequently dim TxqM^ < rfvv ^rid the proposition follows. □ 

Proposition 5.16. Suppose n > 4is even. Then {V/g • xo)'^''o zs a multiplicity -free T^^j^-module 
with T^^-weight set 

{di + : 1 < z < n — 2}. 
In particular, dim(V/g • xq) "^o = dy^. 
Proof. Consider the G-submodule V of V defined as 

V := y(Ai) © V{X2) © . . . e V{Xn-i) © V{}i)- 

Note that as a G'-module, V is the direct sum of the fundamental representations. Fur- 
thermore, V =V' ® y(A„) and ^(A n ) is one-dimensional. The rest of the proof is identical 
to that of Proposition |5T3l □ 

Ql 

When n is odd, determining (V/ g • xq) requires a little more care, because V{\n-i) — 
V{}i) as G'-modules. 
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G' 

Proposition 5.17. Suppose n > 5 is odd. Then {V / q ■ xq) ''o is a multiplicity-free T^^-module. 
Its T^^^-weight set is a subset of 

(5.10) {oci + : 1 < i < n - 2} U {ocn-\}. 

The weight ^ = ccn-i + oi^-i occurs and its eigenspace is spanned by the vector 

Proof. Let V' be the following G'-submodule of V: 

V := V{Xi) e Vi^i) ® . . . © V{K-2) © Vn-i 
where V„_i := (G' • {vx^_^ + u^))c- Then 

(5.11) y = © Z„_i, 

where Z„_i := (G' • (ua„_i - ^^?())c/ and 

(5.12) Q-XQ = q' ■XQ®C{vx,^_^-v^i) 
Moreover, we have an inclusion of G'^.^ xi Ta^-modules 

and so an exact sequence 

Taking G^^^ -invariants, we obtain an exact sequence of Ta^-modules 
,5,3) ^ (Xl^SK^) ^ (^/, . ^ ^ ^ 



0-xo ^ V w Vy'©C(z;A„_i 

From (|5.12[) we have that 

y^©C(z;A„_,-t;^) 

as G^l-p X Tad-modules. Clearly, as a G'-module, V' is the direct sum of the fundamental 
representations, and q' ■ xq is the tangent space to the orbit of the sum of the highest weight 

vectors in V. Therefore II BCF081 Cor 3.9 and Thm 3.10] tells us that (^^^^^^^i^^^) ^''^ 

is a multiplicity-free T^j-module with weight set {oci + cci, 1x2 + ocj,, ■ ■ ■ , oin-2 + ocn-i}- On 
the other hand, (|5.11)) tells us that 

Furthermore, we claim that 

G' 

Indeed, if [z;] is a nonzero T^j -eigenvector in ^ j " then there exists a simple 

root a: so that X^v 7^ (because v is not a highest weight vector) and X^iV G C(ua„_i — 
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v^) = Hence X^v has trivial Taj-weight and therefore v has weight a. Since Z„_i ~ 

V{cOn-i)> this implies that a = ocn-i arid the claim (|5.14[) . 
From the sequence (|5.13|) and the description of its first and third term above, we know 

G' 

that the Tad-module {V / q ■ xq) ''o is multiplicity-free, and that its Tad-weight set is a sub- 
set of (|5.10|) and contains all its weights except possibly The assertion about the 
eigenspace of weight /3 merely needs a straightforward verification. □ 

Remark 5.18. In fact, the Tad-weight set of {V / q ■ xq) in Proposition |5.17| et^Mfl?s the set 

(|5.10|) . Indeed, the proof of Proposition 15 . 1 71 shows that the Tad -weight set of (F/g • 
contains all elements of (|5.10|) except possibly Moreover, ocn-i belongs to the Tad- 

g' 

weight set because [X-an-i'^Xn-i\ = -[^-a„_i^/^] ^ (^/s • ^o) by a straightforward 
verification (or because s„_i„ is a 'simple reflection' in Knop's List; or a posteriori by 

Proposition I5.15l because TxpMg C {V/q ■ xq)^'")- 

The next lemma determines for which groups G the weight j6 = (Xn-i + is a Tad- 
weight of (y/g • xo)'^''o- 

Lemma 5.19. Suppose n > 5is odd and let /3 be defined as in Proposition \5.17\ Then the following 
are equivalent (recall that, by assumption, (G, W) is spherical) 

(1) |6 is a T^^-weight of {V / q ■ Xo)^'^; 

(2) ^ G A; 

(3) i = ker[(fl + l)a;„ — {a — \)e\ C Lie(T)/or some integer a. 
For every integer a we have the following equality in X(T); 

(5.15) /3 + [(fl + l)cOn — {a — l)e] = A„_2 + (fl + l)A„_i — afi — An-3- 

Consequently, ifi = ker[(fl + l)a;^/ — (a — l)e] /or some integer a, restricting (I5.25P to T yzeZrfs 
the following equality in A; 

(5.16) j6 = A„_2 + (fl + l)A„_i — afi — A„_3. 

Remark 5.20. We use t = Lie(T) in Lemma l5.19l instead of T because ker[(fl + l)cOn — {a — 
l)e] ^ T is not necessarily connected (for example, it is disconnected when a = 1). 

Proof Since j6 is a Tad -weight oi {V / q ■ xq) "^o by Proposition I5.16[ the fact that ^ and @ 
are equivalent follows from Lemma r2.18t fc|). We now prove that (O and (O are equivalent. 
Recall that r : X(T) X(T') andt^ : X(T) X(T) are the restriction maps. Recall further 
that A = q{A) and note that kerq C kerr = {cOn,£)z- Now /3 = — a;„_3 + cOn-2 + <^n-\ — 
cOn G X(T). So i^(/3) G A if and only if q{^ + A„_3 — A„_2 — A„_i) = q{—cOn — e) G A. In 
other words, i^(/3) G A if and only if there exists 7 G A so that q{—cOn — e) = q{y), that 
is, so that 7 + a;„ + e G ker q. Since a;„ + e G ker r this is equivalent to the existence of 
7 G A n ker r so that q(j + cOn + e) =0. 

Next we claim that A n kerr = {cOn — e). The inclusion '^' is immediate: co„ — e = 
A-n-i — ji. The other inclusion follows from a direct calculation, or from Knop's List which 
tells us thalB (A)^ n (ker r)c = (a;„ — e)c as subspaces of Lie(T)* . 



'In the notation of Knop's List, a* n 3* is used for (A)c H (kerr)^. 
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Consequently, q{fi) G A if and only if there exists an integer a so that 

a{co„ — e) + co„ + e = (a + l)cOn — (a — l)e 
belongs to kerq. Equivalently, T C ker[(fl + l)a;„ — (a — l)e], or (since T is connected) 

(5.17) tCker[(fl + l)a;„-(fl-l)£]. 

On the other hand, ||Kno98l Theorem 5.1] tells us that W is spherical as a G-module if and 
only if 

(5.18) t 2 ker(a;„ -e). 

Because t' = {cOn>£)£ is of codimension 2 in Lie(r), and for every integer a, the two 
vectors (a + l)a;„ — (a — l)e and a;„ — e in Lie(r)* are linearly independent, t satisfies 
(|5.18|) and (|5.17|) for some integer a if and only if t = ker[(fl + l)a;„ — {a — l)e]. The 



equivalence of ^ and dD follows. The straightforward verification of (|5.15|) is left to the 



reader. □ 

Proposition 5.21. Suppose n > 5 is odd and let ^ be defined as in Proposition \5.17\ Let a be an 
integer and suppose that the maximal torus TofG satisfies t = ker[(fl + l)a;„ — (a — l)e]. Then 
the section s e H^{G ■ xo,A/xo)^ define^by 



s(xo) = [X_^ua„_2] = - [^-fii'^K-i+^v)] ^ {V/q-xq 







does not extend to Xq. 

Proof. We consider two cases: a <Q and a > 0. 

(i) If < 0, we apply Proposition 13.41 with X = }i and v = X_^z7;v„_2- check the 
four conditions: (ESI) follows from equation (|5.16|) ; (ES2) is clear from the description of 

V given above; (ES3) follows from the equalities }i = cOn-i — C0n + £ and (A„_i, = 1; 
for (ES4) take S = A„_i. 

(ii) If > 0, we apply Proposition 13.41 with A = A„_i and the same v. We check the 
four conditions: (ESI) follows from equation (|5.16|) ; (ES2) is clear from the description of 

V given above; (ES3) follows from the equalities A„_i = cOn-i and = 1; for (ES4) 
take 5 = }i. □ 

Remark 5.22. We now obtain a description of the module T^a-module {V / Q ■ Xq)'^''q. For 
n even, this is done in Proposition 15.161 since {V / Q • xq)^''o = {V /q • xq)^^^ (because 

G' G' 

{V / Q ■ Xq) has dimension dw)- For i^ odd, the Tgd-module {V / q ■ xq) ''o is described 
in Remark [5.181 Call its -weight set f. Now {V / q ■ xo)*^'" is the Taj-submodule of 

G' 

{V / g ■ Xq) ^0 with Taj-weight set F \ {/3}, where fi = Xn-i + Oin-\- Indeed, /3 does not be- 
long to the Taj-weight set of {V / Q ■ xq)'^''<^ by Lemma 15. 19[ whereas f \ {/3} does, as one 
can prove in at least three ways: (i) direct verification that f \ {/3} C A; or (ii) use Rnop's 
information about the little Weyl group of W* (see Remark 12. 8[) ; or (iii) note a posteriori 

that by Proposition 15. 15l the subspace TxqM^ of {V / q ■ xq)^''o has dimension d^v = |f I ~ 1- 



The fact that this formula defines a section of H'^(G ■ xq, A/xq)^ — (^/ ■ ^o)'^'^^'' uses Lemma 15.191 
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Since {V/q • xq)^"" C {V/q • xo)^"o C {V/q • xq)'^''o, the lad-module {V / q • xq)^'" is com- 
pletely determined by our characterization in Lemma 15.191 of those intermediate groups 
G for which /3 is a T^d -weight oi{V /q - Xo)^''o. 

5.6. The modules (GL(m) x GL(n), (C^ C") C") with 1 < m,2 < n. We begin with 
some notation. Put 

K = min(m + 1, n) 
L = min(m,n). 

Note that L = K — 1 (when m + l<n) or L = K (otherwise). We will also use the 
following notation: 

(5.19) Xi = cvi_i + w\ z G {1, . . . , (with = 0) 

(5.20) \\ = cvi + cv'i ie{l,...,L} 

For the modules under consideration, 

E = 1 < i < K} U {\-: 1 < i < L}; 
dw = K + L-2 = min(2m + 1, 2n) - 2. 

These modules are not spherical for G' because A n {cOm,co'n}z 7^ 0. Moreover, for the 
same reason, S is not G-saturated for any intermediate group G for which W is spherical. 
In this section we will prove the following proposition. 

Proposition 5.23. The T^^j^-module TxqM'^ is multiplicity -free and has T^^^-weight set 

(5.21) {a,: 1 < z < L - 1} U {aj: 1 < ; < K - 1}. 
In particular, dim TxqM^ = dyj. 

Proof. Call f the set (|5.21|) and let the sets /o and /i be defined as in Proposition 15.251 Put 

{/i if n = m — 1 and ccm-i + ocm-i ^ A; 
/i if m = n - 2 and a^_2 + Oi'n_i G A; 
/o otherwise. 

Corollary 15.271 says that {V / q ■ Xo)^''o is a multiplicity-free r^d-module, that its Tgd-weight 
set D contains / and that D C / U f . Lemmas IS^iH \5M, \5A^ and |5^ prove that the 
sections of H'^(G • xq, A/xq)'"' — / Q ■ Xo)^''o corresponding to the T^d -weights in / do not 
extend to Xq. This implies that the Tad-weight set of TxgM^ is a subset of f . Equality 
follows, as always, from Corollary 12.61 □ 

Remark 5.24. As the Proposition 15.231 and Corollary 15.271 show, except for a few small 

values of m and n, the inclusion TxgM^ ^ (^/fl • xo)'^''o is strict. Moreover, for n = m — 1 

and for m = n — 2 there exist groups G C G, containing g' , for which W is spherical 

and for which the inclusion {V / g ■ xo)'^''o C {V / q ■ xo)^''o is strict (see Corollary |5.27[ 
Lemmas 15.401 and I5.41D . 
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Proposition 5.25. Suppose m > l,n > 2. Let F be the set (15.211 ) and put 

Jo := {tXr-i + oir-. 2<r<L-l}U {a^.i + : 2 < s < K-1}; 

{Jo ifn 7^ m — 1 and m ^ n — 2; 

]qVJ {cim-2 + oim-i} if n = m - I; 
/oU{<_2 + <_i} ifm = n-2. 

Ql 

The T^^-module {V /q - xq) "■o is multiplicity-free; its T^^-weight set contains ]\ and is a subset 
of FUR. 

Ql 

For the T^^-weights in }q, basis vectors for the corresponding eigenspaces in {V / g ■ xq) are 
given in the following table: 



T^^j^-weight 


G 

eigenvector in {V / g ■ xq) ''o 


jir := OLr-l + l^r 


[X_^,.(ua, + v;,ij] = -[X_^,.(z;a,+j + v^i)] 




[X_i^i{vx^_^+v^iJ\ = - [X_fii{vx,+v^i)\ 



with 2<r<L-l,2<s<K-l. 



If n = m — 1 then the T^^^-eigenspace of weight a.m-2 + ^m-\ is spanned by the following 
eigenvector: 



T^^-weight 


G 

eigenvector in {V / g ■ xq) ""o 




X_g Jvx ,+Vyi ) = — X_fi ,Vii 



If m = n — 2 then the T^^-eigenspace of weight (x'^_2 + i^n-i spanned by the following 
eigenvector: 



T^^-weight 


G 

eigenvector in {V / g ■ xq) "^o 


^'n-l ■= <-2 + <-l 


X Rl [VX , ) = — X ol Va , 





Remark 5.26. We use the notation of Proposition 15.251 The following somewhat stronger 

Ql 

statement holds, but we do not need it in what follows. The T^j -weight sei oi {V / g ■ xq) ''o 
is equal to f U /i and the Tgd-eigenspaces with weight in f are spanned by the following 
eigenvectors: 



T'ad-weight 


G 

eigenvector in{V /g - Xq) "^o 













with 1 < z < L — 1 and 1 < ] < K — 1. The argument runs as follows. It is a straightfor- 
ward matter, using properties of root operators and the fact that f C p(A), to verify that 

Ql 

the eigenvectors listed in this remark belong to [V / g ■ xq) ""o . Alternatively, the fact that F 

Ql 

belongs to the T^j -weight set of (1/ /g • xq) is a consequence of the fact that it belongs to 

the Tad -weight set of {V / g ■ xo)*^'"/ which, in turn, follows from Proposition 15.231 or from 
Knop's computation of the little Weyl group of W* (see Remark |2.8[) . 

Corollary 5.27. We continue to use the notation of Proposition \5.25\ For all m > 1, n > 2, 

-Q Ql 

we have that {V / g ■ xq) o is the subspace of {V / g ■ xq) ""o spanned by the eigenvectors with 
T^^-weights in F U Jq. 
Depending on m and n we have the following description of {V I g ■ Xo)'~'''o.' 
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(1) Ifn^m-landm^n-2, then {V/q ■ xq)'^'o = (V/q ■ xo)'^'o = {V/q ■ xo)^'o; 

(2) Ifn = m-1 then {V/g ■ Xo)^'" = {V/q ■ xo)'^'''o if and only if ^m-i ^ A. If ^m-\ € A 
then {V/q ■ xof'^o = {V/g • xof^o; 

(3) Ifm = n-2 then {V/g ■ xq)^"" = {V/g ■ Xof'o if and only if^'„_i G A. If i A, 
then {V/g ■ xof'o = {V/g ■ xof'^o. 

Proof. From Lemma [2.18[|c)) we know that a -eigenvector in (y/g • xq) belongs to 
{V / g ■ xq)'^''o if and only if its T^d -weight belongs to A. For all indices i,j such that 1 < 
z < L — 1 and 1 < j < K — 1, we have 

(Xj = A,+i + A- - A, - A[^;^; 

Oi'j = Ay + Aj. - Ay+i - A.'j_-^ 

(where Aq = when it occurs) and so a,, a'^ G A. Consequently fir, fi's G A when 2 < 
r < L-1 and 2 < s < K -1. This implies that cii,ci'-,^r,^'s G A = i^(A). On the other 
hand, straightforward verifications (or Lemmas 15.401 and 15.41 ) show that j6,„_i ^ A when 
n = m — 1 and that ^ A when m = n — 2. All the assertions follow. □ 

Remark 5.28. (1) Using Remark |5.26[ the first assertion in Corollary |5.27| can be improved 

to the statement that {V / g • xq)*^'" is a multiplicity-free T^d-module with T^d -weight 
set equal to f U /q. 

(2) When n = m — 1, Lemma 15.401 below tells us for which groups G the eigenvector 
with weight (im-l belongs to {V/g ■ Xo)'^''o. For example, fim-l G A = Aj^q j^*) for 

G = SL (m) X GL(m - 1), but not f or G = G = GL(m) x GL(m - 1). When m = n-2, 
Lemma 15.411 does the same for /3'„_^. 

We will break the proof of Proposition 15.251 up into several lemmas (see page |50] for 
the actual proof). We first set up some notation. First note that G' = G^ x G^ with 
G^ = SL(m) and G^ = SL(n). Let and be the projection of T' C G^ x G^ to G^ and 
to G^, respectively. Then T' = x T^. Let T^^ be the adjoint torus of G^ and T^^ be the 
adjoint torus of G^. We write A^ and A| for the corresponding root lattices, and and 
for the sets of positive roots with respect to the Borel subgroups C G^ and C G^ 
whose product B^ x B^ is B'. We will use and for the unipotent radical of B^ and 
B^, respectively. Note that the root lattice of G, which is the character group of T^d, is 
Ar = A\(S A| and that R+ = R+ U R^. 

g' 

The next lemma says that there are no 'mixed' T^d -weights in {V / g ■ xq) ''o. 

Lemma 5.29. The T^^^-weights occurring in {V / g • Xo)^'-o belong to {A\ ® 0) U (0 © A|). 

g' 

Proof. Suppose that y is a T^d-eigenvector in y so that [v\ G {V/g ■ xq) contradicts 
the assertion. Since v has nonzero weight for T^^ and for T^^, v ^ V'^Ia = V^^ and 
V i y^ad = V^^ . Therefore, there is a simple root oli of G^ and a simple root a!^ of G^ 
such that Xci{o ^ and X^^iv ^ 0. Moreover X^^y, X^/y G g • xq and by Lemma |2.19t(Al) 
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this implies, using that [v] contradicts the assertion and that = U R^, that the 
Tad -weight of X^v belongs to and that of X^iv to R^. It follows that v has T^d-weight 

a, + ix'j. Consequently X^iv G C{X-[^.xq). As long asi + 1 < K (which implies that i < L), 

and so X^/u G C(X_a,xo) implies that there exist ui G V(a;-_^^) and U2 G y{co'i) so that 
X^/Ui = v^,/^^ and X^/U2 = v^i. This is impossible because the fundamental representa- 
tions V{(xi\^-^ and ^(o;-) cannot both contain a T^^-eigenvector of weight the simple root 



On the other hand, if z ' + 1 > we still have that i < L because X-c^xq 7^ (as X^iv is 
a nonzero element of the line it spans). Therefore i = K = L = n. Then 

But now, X^/v G C(X_£t.xo) is impossible, since V{co'n) contains no T^^-eigenvectors of 
nonzero weight. □ 

For the next lemma, recall that A stands for A(^^^*-j = {E)z, and that p(A) = A(^Qi^YJ*y 

Lemma 5.30. We have 

(5.22) A = {cvi, ...,coL,co[,..., C X(T) 

Moreover, jor i = 1, . . . ,K and j = 1, . . . ,L we have the following equalities in X{T) 

(5.23) 0;; = A,-2(A^-A0 

k=l 

(5.24) cvj=Y^{4-Ak)- 

k=l 

Proof. We first prove equation (|5.22|) . Consider the matrix F whose columns are the coef- 
ficients of 

Ai, A[, A2, A2, . . . , Ajc-l/ ^K-l' "^K^ {^l) 

in the basis 

The brackets in (A^) and {co'jj indicate that these weights might not occur: L = K — 1 or 
L = K, depending on m and n. We have that Fisa {K + L) x {K + L) upper triangular 
matrix with 1 on the diagonal. So F is invertible over Z which proves (|5.22[) . 

Equations (|5.23[) and (|5.24|) are obtained by inverting the matrix F or by a straightfor- 
ward recursive argument. □ 

The following lemma will prove useful too. It is a slight generalization of [BC FOSi 
Corollary 3.9]. 
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Lemma 5.31. Suppose m > lis an integer and suppose k < m — 1 is another positive integer. 
Define the following SL{m)-module: 

M := V{coi) ® V{co2) © ... © V{cOk) 

Furthermore, call the sum of highest weight vectors mo: 

mo = Vcv^+Vuj2 + ...+ Vuj^ 

Then (M/sl{m) ■ mo)^^^"^^'"o is the multiplicity -free T^^^-module with T^^^-weight set 
(5.25) {ai + ft;2,ft;2 + ^3, . . .,ap_i + ap} 

where 

k — 1 ifk < m — 1, 
k ifk = m — 1. 

Proof The monoid {coi,co2, ■ ■ ■ ,cOk)fq is SL(m)-saturated, whence Theorem 12.251 tells us 
that (M/ g • mo)^^*^"''*™o is a multiplicity-free Ta^-module of which the Tg^-weights belong 
to the set D consisting of the following elements of Ar (see Remark |2.26|) : 

(SRI) iXj + ccj with \ <i <m — 3 and j — i > 2; 
(SR2) 2a, with 1 < z < m - 1; 

(SR3) + a;,_|_2 + . . . + a/^^, with < i < m — 3 and 2<r<m — i — 1; 
(SR4) (Xj + 2a:,_|_i + a;/+2 with 1 < z < m — 3. 

Using the argument of the proof of PBCFOSi Corollary 3.9] we obtain the Taj-weight set f 



of (M/ g • mo)^^^^^'"o: we first exclude 'enough' Ta^-weights in D from belonging to F and 
then show that the remaining elements of D belong to F. 

Weights of type (SRI) and (SR2) cannot occur in F because the fundamental represen- 
tations of SL(m) do not contain such Ta^-weights. Next suppose 7 = 0:, + 2a:,+i + a.ij^2 
is a weight of type (SR4). If i < k, then HBCFOSi Proposition 3.4] with ^ = iXj tells us that 
7 does not belong to f. If i > k, then (7, a;)^^) = 2 implies that 7 does not belong to 
{coi, . . . coj()z and a fortiori not f . 
Now suppose 7 is a root of type (SR3) with r > 3. If z + 2 < fc, then HBCFOSi Proposition 



3.4] with S = a;_|_2 tells us that 7 is not in f . If z + 2 > k, then i + r > k and since 
(7, ocy_^^) = 1 this tells us that 7 ^ {coi, . . . C0]^)z and so again 7 is not in f . 

The final type of Ta^-weight in D to rule out from F are those of type (SR3) with r = 2 
and z + 2 > p. Then p = k — l<m — 1 and therefore z + 2 > k — 1. If z + 2 > k, then 
(7/ ^;>2) ~ ^ ^^^^^ y i- ("^i' • • • '^fc)z- If i + 2 = k, then the equality (7, a:^^3) = — 1 

yields the same conclusion. Yet again, 7 does not belong to f . 

Finally, that F contains the weights listed in (|5.25|) follows like in the proof of [,BCF08[ 
Corollary 3.9]: f or z G {1, . . . , p — 1}, the vector 

[X_a,^jX_a,mo] = [X_a,.X_a,^jmo] G M/sl{m) ■ mo 

has Taji-weight + a/+i and, as a straightforward verification shows, is fixed by SL(m)xo. 

□ 

Thanks to Lemma |5.29[ the Tad-weight set of {V/ g • xq) breaks up into two disjoint 
sets: its intersection with on the one hand, and it intersection with on the other. 
We will bound these two sets and show that each eigenspace has dimension one. We 
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introduce some more notation. If M is a representation of T^d = T^^ x T^^, then we denote 
(respectively -MaI) subspace of M spanned by eigenvectors with Ta^-weight in 

C Ar (respectively in A| C A^). Equivalently, M^i = M^ad and M^2 = M^ad. 

Note that by Lemma 15.291 and because {V /g ■ xq) has no vectors of Taj-weight 0, we 
have the following decomposition of Ta^-niodules: 

(5.26) {V/q ■ xof^o = {V/g ■ xof} © {V/g ■ xofj'. 
Put A := y^ad = y^' = Vj^i^. Explicitly, 

(5.27) A = C{vcvo (E)V^: )(S V{coi) (E) Cv^> © ... © V{cvk-i) (E) Cv^^ © 

12 K 

V{cvi) ^ Cy^/ © V{cv2) ^ Cv^f^ © ... © V{cvl) (E Cv^>^ 
Lemma 5.32. The inclusion A ^ V induces an isomorphism of T^^j^-modules 



where (V/g- xq) 1° is the subspace of (V/ g ■ xq) spanned by T^^^-eigenvectors with weight in 

^R 

Proof Consider the exact sequence of G'^^ xi T^j-modules 
(5.28) — > g-xo — >V — > V/g ■ xq — ^ 

We can view this as an exact sequence of G^.^ x T^^ -modules because the direct product 
X T^d is a subgroup of G',^ x T^^: the action of T^^(C T^^ x T^^) on Gl^(C G^ x G^) 
by conjugation is trivial. Taking invariants of the exact sequence by the reductive group 
-^ad yisl'is isomorphism of G^-^^-modules 

A \ 

(V/g ■ xo)^i , 



^Ang-xoJ ' '^^R 

since {V/g ■ xo)a]^ = (^/fl ' ^o)^*^'*/ V^^^ = A and (g • Xo)'^ad = Adg- xq. Taking G^^- 
invariants yields the claim. □ 



Lemma 5.33. We have that {V / g • xq) = (V/g • xo)^'i 







Proof. Since G^^^ C G^^, we have (V / g ■ xq)^''o C {V/g - xo)^'o and therefore, by taking 

G' 

r^^-invariants, that {V / g - Xq) C {V /g - Xq) . For the other inclusion, 
(5.29) (V/0-xo)^?^(V/g.xo)^? 



it suffices to prove that 

(5.30) {V/g-xof} C {V/g-xof^^. 



^R 
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We first note that A = V^^o because G^^ fixes every highest weight vector for with 
weight in the image of E under the restriction map X(r) X{T') X{T^). Since the 
quotient map cp : V ^ V / q ■ xq is a map of G^^^ -modules this implies that 

(5.31) cp{A) C {V/g-Xof'o. 

Also, taking T^^-invariants of the exact sequence (|5.28|) and remembering that A = y^ad 
we see that 

(5.32) (p{A) = {V/q ■ xof'^ = (V/q • xo)^i^. 
Furthermore, the inclusion 

(5.33) {V/Q-xof'd C (V/Q-xof'o 

we obtain from (|5.31|l and (|5.32|) is G^-^-equivariant, because Gl^ commutes with G^^ and 
with T^^. Next we claim that G'^^ = Gl^ x G^^. Indeed, by Lemma l530l T^^ = T^^ x T^^. 
Moreover, by Lemma I2.17t|3l) it follows that = q].^ ffi and so by Lemma l2.17t|T|) we 
obtain the claim. It implies that 

{{V/Q-Xof'of'-o = {V/Q-Xof^o. 

We can now conclude: taking G^^^^ -invariants in (|5.33[) gives us the desired inclusion (|5.30[) . 

□ 

Remark 5.34. In Lemma [5.331 the inclusion {V / q ■ Xq) \° C {V / g ■ Xq) \° is immediate 

^R 

and would be sufficient for proving Theorem ll.2l since the goal is to bound the dimension 
of TxqM^. The extra information in the lemma allows us to determine {V /g • Xq)'^''o and 

{V/g-xof^oc:,H%G-xo,Mx,). 

The next step in the proof of Proposition |5.25| is to bound the T^^-weight set of ^ .^.^ ^ ° 
We also describe some of the associated eigenspaces. 

Lemma 5.35. Suppose m > l,n > 2 and put 

K := {oii-. 1 < z < L-1}; 
Kq := {Hr-i + ocr: 2 <r < L-1}; 

Kq ifn 7^ m — 1; 

Kq U {aim-2 + '^m-i} ifn = m — \. 



The T^^-module (^ ^plg-xo ) ° multiplicity-free; its T^^-weight set contains Ki and is a subset of 
KUKi. 

For the T^^-weights in Kq, basis vectors for the corresponding eigenspaces in (^-^c^r^j " '^^^ 
given in the following table: 
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T^^-weight 


eigenvector 




[X_^,{vx^ + v^,J\ = -[X_^^{vx^^^+v^}\ 



with 2 < r < L - 1. 

If n = m — 1 then the T^^-eigenspace of weight ocm-2 + ^^m-i spanned by the following 
eigenvector: 



Tad.-'iveight 


G 

eigenvector iniV /q - xq) ''o 




[X_p^_^{vx^_^+v^,^J\ = -[X_^^_^v^,^J 



Proof. We begin by defining G^-submodules of A which are isomorphic to fundamental 
representations. For z = 1, . . . , L — 1, put 

Z, := the simple G^-submodule of A with highest weight vector Z; := Vx^J^^ + Vj^i^ 

Next, put 

' ® Cz;;^/^ ifL = K- l(=m) 

the simple -module with highest weight vector zi :— v^'^ HL — K 

We also define the following trivial Gl^ x T^^j -module (the action of Gl^ is trivial since 

Zq := Cz^Ai © C(z;a2 - ^^a;) + • • • + C(ual - ^A'^^.j)- 
Next, we define the G\^ xi T^^^-module 

Z Zo © Zi © . . . © Zl 
Then Ar\Q- xq C Z C A and we obtain the following exact sequence of G\^ xi T^^j- 



modules 
(5.34) 







A 



A 



^ 0. 



Arig-xo Ar\Q- xq z 
Taking G^^ -invariants we obtain the exact sequence of T^^ -modules 

Z \GL (A 



(5.35) 







A n • Xo 



/ \Ar\^-XQl 



We now want to determine the T^^^-modules (^ ^p^.^-g j ° and °. We begin with 

the first. To do so, put 



yo := 
Z^:= 
Z 



zi + Z2 + • • • zl ifL <m; 
Z1+Z2 + ... zi_i if L = m; 

Zq if L < m' 

Zq © Zl if L = m; 

Zi © . . . © Zl if L < w; 
Zi © . . . © Zl-1 if L = m. 
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Then we have the following decompositions as G^^ xi T^^-modules: 

Z = Z©Z^; 

A n g • xo = 0^ • yo ® z^- 



It follows that as G^^ xi T^^ -modules 



z z 



After remarking that G^^ = G^^ and that Z is a sum of consecutive fundamental represen- 
tations of G^, Lemma [5.311 describes ( ^p^,^ j " as a T^^-module. It is multiplicity-free 



yo xq 
and its T^^-weight set is 

(5.36) {oii + ^2,1X2 + ois, . . . ,0ii_2 + i^L-i} if L<m — lor L = m 

(5.37) {oci + oi2,a2 + (X3,...,ocm-2 + '>^m-i} H L = m — 1{= n) 

We now turn to ( 4 ) ° • We define 



Af := the simple G^-module with highest weight vector {v\^^^ — v^i 
for i = 1, . . . ,L — 1 and then 



A 



Ci;ai e Ai © . . . © Al-1 HL <m; 

C^Ai © Ai © ... © Al-1 © Zl if L = m. 

Then we have the following decomposition as G^^ xi T^^ -modules: 

A = A©Z 

and therefore the isomorphism of G].^ xi T^^-modules 

A A 
Z " Z^ 

Now note that for z = 1, . . . L — 1, A, ~ V{cOi) as a G^-module, and that 

Cuaj © (Ai ©...© Al-i)^' ifL<m; 
_Cz;ai © (Ai ©...© Al-i)"' ©Zl if L = m. 

It follows that we have the following isomorphism of G].^ x T^^-modules: 

^ _ Ai©...©Al-i 
1^ ~ (Ai©...©Al-i)"i 

Therefore 

^^^■'o.,/ Ai©...©Al-i ^^■'o^/ Ai©...©Al-i 



Zo = A^ 



ZJ V(Ai©...©Al-i)"i/ - V(Ai©...©Al-i)"i 
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as TL -modules. Let y be a -eigenvector in Ai ® . . . ® A^-i such that [v] G i ^ 

is nonzero. Then v is not a highest weight vector and so there is a simple root a, of 
such that Xa;Z; 7^ and X^p G (Ai © . . . ® Al-i)^i. It follows that z; has weight 
and, since all the Ajj are fundamental representations, that v G C[X-a^{v\.^^ — v^i)]. 

We have proved the lemma's claim that (y ^^.x^ ° multiplicity-free and its claim 
about the module's T^^-weight set. What remains is to prove that the listed eigenvectors 

belong to ^ ^ng-xo ) ° • This is straightforward. □ 

Ql 

We will proceed in exactly the same way to determine the T^-module {V / g • xq) 2°- 

We now put C := = V^ad = y^2. With the same proofs we obtain the following 
analogs of Lemmas 15.321 and 15.331 

Lemma 5.36. The inclusion C ^ V induces an isomorphism of T^^^j^-modules 
where (V/ q ■ xq) 2° is the subspace of {V/ q ■ xq) "0 spanned by T ^^-eigenvectors with weight in 



Lemma 5.37. We have that {V / q ■ xq) 2 = 1 • ^0 







Here is an analogue to Lemma [5.351 

Lemma 5.38. Suppose m > l,n > 2 and put 

K := {a'j-. l<i <K-1}; 
Kq := + a',:2<s<K-l}; 

Kq ifm 7^ n — 2; 

KoU{<_2 + <_i} ifm = n-l. 



The T^^-module ^^r^^) multiplicity-free; its T^^-weight set contains Ki and is a subset of 
KUKi. 

For t) 

given in the following table: 



For the T^^-weights in Kq, basis vectors for the corresponding eigenspaces in (^ cng-xo ) " '^^^ 



T^^j^-weight 


eigenvector 


/3; 


[X_fi,{vx^_,+v^>J\ = -[X_fi^^{vx,+v^>)\ 



with 2<s <K-1. 
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Ifm = n — 2 then the T^^-eigenspace of weight oi'^_2 + <^'n-\ ( cng-xo ) ^"^^ spanned by the 
following eigenvector: 



T^^-weight 


eigenvector 




X oi (vx ^^Vx' ) = — X CI v\ , 



z 



K 



Proof. We will proceed as in the proof of Lemma|535l We begin by defining G^-submodules 
of C which are isomorphic to fundamental representations. For i = 1, . . . ,K — 1, put 

Zi := the simple G -submodule of C with highest weight vector := V\. + v^i. 

Next, put 

'Cv^^^Cv;,,^ iiK = L{=n) 

the simple G^-module with highest weight vector := V\^ if K = L + 1 

We also define a trivial G^^ xi T^^-module Zq to 'account' for the highest weight vectors in 
C missing from Zi ® . . . Z^: 

Zo := C(z;ai - ^^a;) ® ^iPXi " ^a^) + ■ • ■ + ^{'^Xk-i " 
Next, we define the G^^ xi T^^ -module 

z := Zo e Zi e . . . e Zx. 

Then C H q ■ xq C Z C C and we obtain the following exact sequence of G^^ xi T^^- 
modules: 

Z C C 

— ^ 7^ y ^ y - — ^ 

Cng-xo Cng-xo 2, 
Taking G^^^ -invariants we obtain the following exact sequence of T^^^-modules 

(5.38) ^ f-^) ^ f 7^^) ^ f 



g2 



We now want to determine (^ cng-xo ) ° ^^"^ (§) begin with the first. To do so, 

put 



yo := 



z 



zi + 22 + . . . if K < n; 

zi + Z2 + . . . zx-i if X = n; 

Zq if K < n; 

Zo e Zk if = 

Zi e . . . e Zj^ if K < n; 

Zi e . . . e Zj^_i if K = n. 



Then we have the following decompositions as xi T^^-modules: 

Z = Z©Z^; 

c n • xo = S2 • yo ffi Zo. 
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It follows that as G^^ xi r^^-modules 



Z 



After remarking that Gy = G? and that Z the a sum of consecutive fundamental repre- 




"1/0 ~ ""^0 

sentations of G^, Lemma l5.31| describes (^ cng-xo ) ° a T^^ -module. It is multiplicity-free 
and its T^^ -weight set is 

(5.39) {a[ + OL'2, 0^2 + 1^3, ■ ■ ■ , i^'k-i + '^'k-i} ii K < n — 1 or K = n; 

(5.40) {ix[ + (x'2, + oc^, . . . , + oc'f;_} UK = n - m = n -2). 

We now turn to ° ■ define 

Cj := the simple G^-module with highest weight vector {v\. — Vj^i) 
for i = 1, . . . ,K 

Ck-1 if K < n; 

Ck-i®Zk iiK = n. 

Then we have the following decomposition as G^^ xi T^^-modules: 

c = cez 

and therefore an isomorphism of G^^ x T^^-modules 

C C 

Now note that for z = 1, . . . K — 1, C, ~ ^(t^O as a G2-module, and that 

^_^L/2 _ |(Ci©...©Cj^_i)"2 ifK<n; 
° |(Ci©...©Cic_i)^2 0Zi^ ifK = n. 

It follows that we have the following isomorphism of G'^^ xi T^^-modules: 

C_ _ Ci © . . . © Ci<-i 
Z^~ (Ci©...©Cx-i)^2 
The rest of the proof runs exactly as in the proof of Lemma [5.351 □ 

Here is the formal proof of Proposition 15. 25[ 

Proof of Proposition \5.25\ The proof consists of equation (|5.26[) ; Lemma l5.33l and Lemma l5.37t 
Lemma 15.321 and Lemma 15.361 Lemma 15.351 and Lemma 15.381 □ 

We next prove that the sections in H'^(G • xq, A/xq)*^ corresponding to the invariants in 
{V/ Q ■ Xq)'^''o with Tg^j-weights belonging to the set Ji of Proposition 15.251 do not belong to 
H^{Xq,Mxo)'^ — -^XqM^. We begin by expressing the Tgd-weights in terms of the basis £ 
of A. 
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Lemma 5.39. Using the notation introduced in equations (15.191 ) and (I5.20P on page\39\and that 
of Proposition \5.25\ we have the following equalities in A; 

= K-i + '^r+i — K-i — K+i when 2 < r < L — 1; 
/3g = Ag-i + Ag — Ag_2 " Ag + 1 wheu 2 < s < K — 1, 

where Aq = 0. 

Proof. Straightforward verification. □ 

Lemma 5.40. We use the notation ofProposition \5.25\ and suppose n = m — 1. Then the following 
are equivalent (recall that, by assumption, {G, W) is spherical): 

(1) ^m-i G A; 

(2) T = ker(a;m — b<^n) ^ Tfor some integer h. 

For every integer b we have the following equality in X(T): 

(5.41) ^nt-i + {cOm - hco'n) = + (-1 - fc)A«_i + 

m-3 

(& + 2)(A;„_2-A„,_2) + (& + !) E('^fc-'^fc) 

fc=l 

Consequently, ifT = ker(a;m — hco'y^) for some integer b, restricting (I5.41P to T yields the follow- 
ing equality in A; 



m-3 

(5.42) /3^_i = + (-1 - &)A^_i + {b + 2)(A;„_2 - A^_2) + (& + 1) ^ (A^ - A 

k=l 



Proof We consider fi,n-i as an element of X(r) and first determine when q{^f„-i) ^ ^■ 
Recall that p: X{T) X{T'), q: X(T) X{T) and r: X(T) X{T') are the restriction 
maps. Since r = p o q, 

V.erq C kerr = {cOm,<^'n)x- 

Next, note that 

(5.43) i^m-l = IX-m-l + 0<-m-\ = —<^m-3 + <^m-l + <^m-l — CVm ^ X{T). 

where cOm-3 = if m = 3. Since by equation (|5.22|| 



A — (<^l/ • • • / "^m-l/ <^1/ • • • / '^m)z 

it follows that q{fim-i) G A = i^(A) if and only if q{cOrn) ^ A. This means there exists 
7 G A such that q{cOm) = q{l), that is cOm — 7 G kert^. We claim 7 belongs to Zw^. 
Indeed, a;^ ~ 7 ^ ker r and therefore 7 G ker r. Using the linear independence of the 
set {coi, . . . ,cOm,co[, . . . ,co'„} in X(T) we have that An kerr = Zo;^. This proves the 
claim, and we have proved (identifying fim-i = (^{f^m-i) since we have identified the 
root lattices of G and G) that /3,„_i G A if and only if there exists an integer b such that 
COm — b<^'n ^ ker q. 

Now W is spherical as a G-module if and only if the restriction of to A is injective. That 
is, if and only if ker n A = 0. Since ker r n A = Zo;^, this is equivalent to ker q n Zo;^ = 0. 
Using that \^erq C kerr = {cOm,(^'n)z> it follows that ((G, W) is spherical and) fim-i ^ A 
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if and only if there exists an integer b such that kerq = {cOm — bcOn)z,- This is equivalent 
to the first assertion. 

The straightforward verification of (|5.41|) is left to the reader. □ 

Lemma 5.41. We use the notation ofProposition \5.25\ and suppose m = n — 2. Then the following 
are equivalent (recall that, by assumption, (G, W) is spherical): 

(2) T = ker {acom — <^'n) ^ T for some integer a. 
For every integer a we have the following equality in X(T); 



(5.44) - {acom - cv'n) = K-i + (2 + fl)A„_2 + (-2 - a)\'„_^+ 



w-4 



;i + fl)A„_3 + (-1 - a)A'„_2 + {l + a)Y^ (A^ - A^; 



k=l 

Consequently, ifT = keY{acOni — <^'n)fo'^ some integer a, restricting (I5.44P to T yields the follow- 
ing equality in A; 

(5.45) = A„_i + (2 + fl)A„_2 + (-2 - a)\'„_^+ 

(1 + a)K-3 + (-1 - «)A;_2 + (1 + fl) E (Afc - 4). 

k=l 

Proof. This proof is very similar to that of Lemma 15.401 For the first assertion, the argu- 
ments are identical except that now equation (|5.22[) gives 

and that 

The straightforward verification of equation (|5.44|) is left to the reader. □ 

We now apply Proposition |3]4] a few times to exclude the sections in H'^(G • xq, A/xg)*^ — 
{V/g ■ Xo)'^'o with T^d-weight in fi (of Proposition |5.25|) from belonging to H°(Xo, A/xq)^. 
We begin with the weights in /q C 

Lemma 5.42. Suppose 2 < r < L — 1. The section s G H*^(G • ^Oz-^Xo)*^ defined by 

s(xo) = [X_^^(z;a,, + v^, J] = -[X_^^(z;a^^, + z;^;,)] G {V/g ■ x^f^o 
does not extend to Xq. 

Proof. We apply Proposition 13.41 with A = A^+i and 

(5.46) z; = X_^,,(z;a,, + z;a;._i) G V. 

Recall that = ocy-i + ocy We check the four conditions of Proposition 13.41 (ESI) follows 
from Lemma I5.39t (ES2) is clear from (|5.46|) ; (ES3) follows from the equalities ?^r+\ = 
c^r + c^r+i> {K''^r) = 1 and (A;,^^, = 1; for (ES4) take ^ = A'^ = cvr + co',. □ 
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Lemma 5.43. Suppose 2 < j < K — 1. The section s G H°(G • xo,J\fxg)'^ defined by 
does not extend to Xq. 

Proof. We again check the conditions in Proposition 13.41 this time with A = X'-, and 
(5.47) v = X_^:{v^._^+v^: J G V. 

Recall that = (x'-_^ + a'-. (ESI) follows from Lemma l539t (ES2) is clear from (15:47b ; (ES3) 
follows from the equalities = coj + co'j, (Ay+i, cx.^) = 1 and (Ay, {a'^Y) = 1; for (ES4) take 
(5 = Ay = coj-i + co'j. □ 

We now deal with the Taj-weight in /i \ /q, first when n = m — 1, then when m = n — 2. 
Note that the eigenspace of H'^(G • xq, A/xg)*^ with this weight is only nontrivial for certain 
intermediate subgroups G, see Lemma 15.401 and Lemma 15.411 which also prove that the 
formula for s in Lemmas 15.441 and 15.451 actually defines a section of H'^(G • xq/A/xq)'^ ~ 
(V/g-xof^o. 

Lemma 5.44. Suppose n = m — 1 and let b be an integer. Suppose that the maximal torus T of 
G satisfies T = ker(a;m — bco'j^). Then the section s G H^{G • xq, A/xq)*^ defined by 

s{xo) = [X_^„,_^(z;a„,_, + v^^^^J] = -[X_^^^_^v^,^J G {V/q ■ xof'^o 

does not extend to Xq. 

Proof. We consider two cases: b < —2 and b > —2. 

(i) If b < -2, then (-1 -b)>\. We apply Proposition 13^41 with A = A^_i and 

V = X_« ,57)/ G V. 

Pm-1 '^„,_i 

We check the four conditions: (ESI) follows from equation (|5.42|) ; (ES2) is clear from the 
description of v given above; (ES3) follows from the equalities A„,_i = cOm-i + <^'n ^rid 
{^'m-v'^m-i) = 1' (ES4) take ^ = A^_2 = cVni-2 + ^'m-r 

(ii) If b > —2, then we apply Proposition |3]4] with A = A^_2 and the same z; as in part (i). 
We again check the four conditions: (ESI) follows from equation (|5.42[) ; (ES2) is clear from 
the description of v given above; (ES3) follows from the equalities A^_2 = com-i + <^'m-2' 
(Am-i,<_2) = 1 {K-2, {<^'m-iy) = 1' (ES4) take S = A^-l = + ^'m-V O 

Lemma 5.45. Suppose m = n — 2 and let a be an integer. Suppose that the maximal torus T of 
G satisfies T = keY{acOm — cv'^)- Then the section s G H^{G ■ xq, A/xp)^ defined by 

s(xo) = [X_^>^Jv^„_^ + v^^^J] = -[X_^,^_v^^J G (V/g-xof'^o 

does not extend to Xq. 

Proof. We break the proof up into two cases {a < —2 and a > —2), each of which is treated 
by an application of Proposition 13.41 with v = X_^i Vx^_^ G V, but the dominant weight 

A G E depends on a. 

(i)When a < —2, we put A = A^_2- check the four conditions of Proposition 13.41 
(ESI) follows from equation (|5.45|) : (ES2) is clear from the description of v given above; 
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(ES3) follows from the equalities A'^_2 = cOn-2 + ^'n-i' {^n-\> — ^ Wn-i)^) — 

1; for (ES4) take 5 = \n-2 = <^n-3 + ^'n-2- 

(ii)When a > —2, we apply Proposition 13.41 with A = A„_2- We check the four condi- 
tions: (ESI) follows from equation (|5.45|) ; (ES2) is clear from the description of v given 
above; (ESS) follows from the equalities A„_2 = a;„_3 + a;^_2, (A'^_3, a:^_3) = 1 (if 
n > 4, otherwise A„_2 = <^'n-2) and (A^_2, (i^^_2)^) = 1; for (ES4) take 5 = A^_2 = 

CVn-2 + (^n-2- ^ 

5.7. The modules (GL(m) x GL(n),(C'" ® C") © (C")*) with 1 < m,2 < n. We begin 
with some notation. Put 

K = min(m, n — 1) 
L = min(m, n). 

Note that K = L — 1 (when ni>n — l)orK = L (otherwise). We will also use the 
following notation: 

A, = coi + co[_^ for z G {1, . . . , (with co'q = 0) 

A- = cOi + Cjo'i for z G {1, . . . , L}. 

For the modules under consideration, 

£ = {Af : 1 < z < U {A- : 1 < z < L} U {}i}; 
dv^ = K + L-l = min(2m + 1, 2n) - 2. 

These modules are not spherical for G' because A n {cOm,co'n}z 7^ 0. Moreover, for the 
same reason, S is not G-saturated for any intermediate group G for which W is spherical. 
In this section we will prove the following proposition. 

Proposition 5.46. The T^^-module Tx^M^ is multiplicity-free. Its T^^-weight set is 

(5.48) {a, : 1 < z < L - 1} U {a-: 1 < < K - 1} U {a^ + a^+i + . . . + 

In particular, dim Tx^M^ = rfvv- 

Proof. Call f the set (|5.48|) . Let J\ be the set defined in Proposition 15.471 and J2 the set 
defined in Corollary 15.491 Now, put 

{/i if n = m — 1 and Cim-2 + iX-m-\ ^ ^'1 
h ifm = n- 2>l and a^^g + a^_2 G A; 
/2 otherwise. 

Corollary 15.491 proves that (V/q ■ Xo)'^''o is a multiplicity-free T^d-module, that its Tad- 
weight set D contains / and that DC / U F. Applying Proposition 13.41 with v and A given 
in the table below, one then proves that the sections of H'^(G • xo,J\fxg)'^ — (V / g ■ xo)'^''o 
corresponding to the T^j -weights in / do not extend to Xq. We omit the straightforward 
verifications that the four conditions of Proposition 13.41 are met in every case (they are 
similar to the proofs of Lemmas I5.42[ |5343l 15.441 and I5.45|) . In this table, the integers b and 
a are as in Lemmas 15.551 and 15.561 
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C f\Y\ (H 1 4"1 fW\ c 

KJOV \\XV LilJl IS 


T'ad-weight 


7) 


/V 


2 < r < K-1 










3 < n < w 


f>n-\ 


= Oin-1 + Oin-l 




A„_2 


2 < s < X-1 




= <-!+< 






1 < n — 1 < m 


P'n-X 


= <-2 + <-l 






n = m — 1 > 2 






\ 


Xm-l if > — 1 

[A;,_2iffc<-i 


m = n — 2 > 1 








A;_3ifa>-i 

A„_2 if < — 1 



This shows that the T^d -weight set of Tx^M^ is a subset of f . Equality follows, as 
always, from Corollary |2!6l □ 



As the arguments in this section are adaptations of those of Section |5.6[ we do not 
provide all the proofs. 



Proposition 5.47. Suppose m > l,n > 2. Let F be the set (l5.4gP and put 

Jo := {oCy_i + Oir-. 2<r < L - 1} U {a^.^ + : 2 < s < K-1}; 

'/o U {d'^_2 + '^n-i} tf^'^ > n — 1 > 1 and n ^ m — 1; 

Jo U {dm-2 + o<-m-i} U Wn-i + ^'n-\} if n = m - 1 > 2; 

Jo U {oci + ^2} ifn = m — 1 = 2; 

/oU{<_3 + <_2} ifm = n-2>l; 

^ Jq otherwise. 

G' 

The T^^-module {V /q - xq) ^0 is multiplicity -free; its T^^-weight set contains ]\ and is a subset 
ofFUh. 

For the T^^-weights in }q, basis vectors for the corresponding eigenspaces in {V / g ■ xq) ''o are 
given in the following table: 



T^^-weight 


eigenvector 


|6r := + Oir 




)] = - [X-firi^Ar + ^K)] 




[X_^>{Vx^+V;,,J\ 





with 2<r<L-l,2<s<K-l. 

Ifm > n — 1 > 1 then the T^^-weight space of {V 1 • Xq) ""o of weight oi'^_2 + '^'n-i i^ spanned 
by the following eigenvector: 



T^^-weight 


eigenvector 


^'n-i ■=<-2 + <-l 


[^-/3'„-iK_, +^A'„_,)] = -[X_f,>^Jv^,_^+V,)] 



Ql 

Ifn = m — l then the T^^-weight space of {V / g • xq) ""o of weight ocm-2 + <^m-\ is spanned by 
the following eigenvector: 



T^^-weight 


eigenvector 







Ifm = n — 2 > 1 then the Tg^^-weight space of {V 1 • Xq) of weight oi'^_^ + ^'^^2 spanned 
by the following eigenvector: 
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T^^-weight 


eigenvector 


■■= <-3 + <-2 





Remark 5.48. We use the notation of Proposition 15.471 The following somewhat stronger 

G' 

statement holds, but we do not need it in what follows. The T^j -weight set of ( ^ /g • Xq) 
is equal to F U /i and below are basis vectors for the eigenspaces with weight in F. The 
argument is the same as that of Remark 15.261 



conditions 


T'ad-weight 


eigenvector 


1 < z < L - 1 




[X-oc,Vx.] — — [X-a^.U^/ 




i<i <K-1 






n — 1 < m 


<-i 




m < n — 2 


< + <+i + ■ ■ ■ + <_i 







With a proof like that of Corollary 15 .271 we have the following consequence of Proposi- 
tion |5lZl 

Corollary 5.49. We use the notation of Proposition \5.47\ Put 

j^.^ + if^<n-l<m; 

1 /o otherwise. 

For all m > l,n > 2, we have that {V / q • xq) ''o is the subspace of{V/ g ■ xq) spanned by the 
eigenvectors with T^^-weight in F U /2. Depending on m and n, we have the following description 
of{V/Q-XQf^o: 

(1) Unless n = m — 1 or m = n — 2>1, we have that {V/q ■ xo)'^''o = (V/g ■ xq)^''o = 

(V/Q-Xof^o; 

(2) Ifn = m- 1, then (V/q ■ xo)*"'" = (V/q ■ xo)'^'''o if and only if ^m-i ^ A. If ^m-i i A 
then (y/g • x^f^^ = {V/g • xof'o; 

(3) If m = n - 2 > 1 then {V/g • xo)*"'" = (^/s • ^o)'~^'° if ^^^d only if ^'^-2 ^ ^- V 
/3;_2 ^ A then (V/g • xof'^o = (V/g • xof^o. 

Remark 5.50. (1) Using Remark [5.48l the first assertion of Corollary I5.49l can be improved 

to the statement that (V/g ■ Xo)'^'o is a multiplicity-free T^d-module with T^d -weight 

set F U /2. 

(2) For n = m — 1, Lemma |5]55]below tells us for which intermediate groups G the eigen- 

G' C 

vector in (V/g • Xq) ""o with weight fim-l belongs to (V/g • Xg) o. When m = n — 2 > 
1, Lemma 15.561 does the same for /3^_2. 

Since the proof of Proposition 15.471 is very similar to that of Proposition 15.251 we will 
not provide all details. We begin with a few lemmas, and then outline the rest of the proof 
on page|58l We will make use of the notation introduced in Section |5^ on pagel4Tl 

Lemma 5.51. The T^^-weights occurring in (V / g • xq) ''o belong to (A\ ® 0) U (0 © A|). 
Proof. As in the proof of Lemma |5.29[ we have to rule out Tad-eigenvectors in (V / g • 
Xq) ""o of weight cii + a'- where a, is a simple root of and a'- is a simple root of G^. 
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G' 

Suppose, by contradiction, that [v] G {V / g ■ Xq) ''o is such an eigenvector. Then X^^rV G 
CX —ix-Xq. As long as i < K, we have that X—a-. 

xo = X-i,.{vxi + v^>), which yields a 
contradiction because the G^-modules V{cOi_-^) and V{cv'^) cannot both contain a nonzero 
-eigenvector of weight the simple root aj. 
When i > K we still have i < L because X-^^xq 7^ 0. So i > K implies that K = 
n — 1,L = n and i = n. Then X-^-Xq = X-n^v^^^ which again yields a contradiction: 
V{co'fj) contains no T^^-eigenvectors of nonzero weight. □ 

Lemma 5.52. We have 
or, equivalently, 



A 



Moreover, for z G {1, . . .,K} we have the following equalities in X(T): 

i-l 



CVi,. 


.,U>n,(x>[,. . 




ifm > n — 1 


CVi,. 


. ,OJni,Oj'i, ■ 




ifm = n — 1 


CVi,. 


. ,OJni,Oj'i, ■ 




ifm < n — 1 



k=l 



fc=l 



When m > n — 1 we have 



n-1 
k=l 

as well, and when m > n — 1 there is also 

n-1 

CVn= ^'„ + }l- Y^iK- ^k)- 

k=l 



We will make use of Lemma [5.31l but also of the following variant. Again, its proof is 



an adaptation of that of llBCFOSt Corollary 3.9]. 



Lemma 5.53. Suppose m > 4is an integer and suppose k < m — 3 is another positive integer. 
Define the following 'SL{m) -module: 

M := V{cvi) © V{cv2) © ■ ■ ■ + V{cvk) © y(a;,«_i) 

Furthermore, call the sum of highest weight vectors mo: 

mo := Vcoi+Vcv2 + ■ ■ ■ + Vcv^ + Vco„_^ 

Then (M/ g • mo)^^^^''"'o is the multiplicity-free T^^-module with weight set 
(5.49) {di + 1x2, 0:2 + 0:3, ... , a:fc_2 + a^.i, + a^+i + . . . + djn-i} 
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Proof. First, note that the monoid {coi, 002, ■ ■ ■ , coj^, cOm-i)'N is SL(m)-saturated so that the 
assumptions of Theorem 12.251 are satisfied. Theorem 3.10 in HBCFOSI tells us that (M/g • 
mo)^^^^^"'o is a multiplicity-free Tgd-module. Therefore, (M/s[(m) • mo)^^^"^^"'o is a multiplicity- 
free Tad-module whose weight set f is a subset of the set D in the proof of Lemma 15.311 
Just like in that proof we use the argument of ||BCF08[ Corollary 3.9] to show that F is the 
set (15:491) . 

Weights of type (SRI) and (SR2) do not occur in f because the fundamental representa- 
tions of SL(m) do not contain such Tg^-weights. 

Next suppose 7 = a/ + 2a;_|_i + a;+2 is a weight of the type (SR4). Then (7,0;^^-^) = 2 
and so when i > k — 1, we have 7 ^ {cjO\,. . .cO](,co,n-i)x- If ^ < k — 1, then [B CF08[ 
Proposition 3.4] with S = ocj tells us that 7 does not belong to f . 

Now suppose 7 is a root of type (SR3): 7 = ocj^i + a:,_|_2 + . . . + (Xj+r- First, let us 
assume r = 2 and i + 1 > k — 1. Then (7, ^^^2) = 1 ^^id so 7 ^ {coi, . . . coj^, C0jn-i)z ^or 
k — l<i + l<m — 2. When i + 1 = k — 1 we can use that (7, oc-j^'^) = — 1 to reach the 
same conclusion. When z ' + 1 = m — 2, the fact that (7, a^^-^) = 1 does the trick. 

Next we assume r > 3. lfk<i + r<in — 1, then (7,0;^,.) = 1 tells us that 7 ^ 
{coi, . . . cok, cOm-\)x- When i^r <k, then HBCFOSi Proposition 3.4] with 5 = oci+r-i tells 
us that 7 is not f. When i + r = m — 1 and z + 1 > k, then (7, a^^^) = 1 implies that 
7 ^ {coi, . . . C0]c' <^m-\)x- When i + r = m — 1 and i + 1 <k then HBCFOSi Proposition 3.4] 
with S = tells us that 7 is not in f . 

Finally, that the weight set F contains the weights of the form a, + listed in (|5.49|) 
follows exactly like in the proof of HBCFOSi Corollary 3.9]. For the weight j = oij^ + 
. . . a„^_i, a weight vector is [X_£,^X_^+a^mo] = [X_^+^,^X_ct^mo] G M/g ■ mo. □ 

Outline of proof of Proposition \5.47\ By the same arguments as in Section IS^H] we have a de- 
composition 

(5.50) {V/g ■ xof^o = {V/g ■ xof} © {V/g ■ xof} 

compatible with the action of T^a = x T^^, that the injection A := V^^ ^ V induces 
an isomorphism of T^^^-modules 

and that the injection C := V^^ M> V induces an isomorphism of T^^-modules 

\Cng-xoJ ^R 

We therefore first determine the -module ( ^n^.y^ ) and then the T^^-module (^r^:^) 
To do so, we begin by introducing certain G^-submodules of A: for i G {1, . . . , K}, put 

Z, := the simple G^-submodule of A with highest weight vector Z; := V\. + V;>^/. 

When L = K + 1, that is, if m > n, also put 

Zi := the simple G^-submodule of A with highest weight vector zl '■= v^i . 
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We also define the following trivial G^^ x T^^-submodule of A: 

Zo := C(z;ai - z^a;) © • ■ ■ © C{vx^ - V;,>J + Cv^ 
and the G^^ x T^^-submodule of A: 

z := Zo e Zi e . . . © Zl- 

Then AHg-XoCZCA and therefore, we again obtain an exact sequence of G].^ x T^^- 
modules like (|5.34|) on page |46l and consequently an exact sequence of T^^^-modules like 
(15351). 

To determine the T^^ -module ^347=^:3^ j " we introduce 



Z^: = 
Z := 



Zl + . . . + Zl if L < m (i.e. n < m); 
Zi + . . . + Zi-i if L = m (i.e. n > m); 

Zq if L < m (i.e. n < m); 

Zq-\- Zl if L = m (i.e. n > m); 

Zl © . . . © Zl HL <m (i.e. n < m); 
Zl © . . . © Zl-1 ifL = m (i.e. n > m). 



We then obtain that Z = Z © Zq and A n g • xq = 0^ • 1/0 © 2^0 arid so the inclusion Z ^ Z 
induces an isomorphism of T^^-modules 



-gi-i/o^ VAng-XO' 

The r^^-module on the left is determined by Lemma |5.31[ It is multiplicity-free and its 
Tg^-weights are 

(Xi + Ci2, 0:2 + ^3, . . . , aL-2 + Oil-i if L 7^ m — 1; 

Oil + 1x2, (X2 + ■ ■ ■ r oim-2 + if L = m — 1 (i.e. if n = m — 1). 

Next we determine the T^^^-module j °. To do so, we introduce 

A, := (g1-(z;a,-Ua;))c for z G {1,2, . . . , L - 1}; 

{Ai©...©Al-i iin<m- 
Ai © . . . © Al-1 © Zm if n = m; 

Ai © . . . © Al-1 © (Gi • v^Jc © (G^ • Ua;„>c if n>m. 

Then A = A © Z and Z^ = A^^ . It follows that 

A A Ai©...©Al-i 



Z Zo (Ai©...©Al-i)^' 

59 



and so j " is a multiplicity-free T^^-module whose weights are 

OLl, 1X2, . . . , OCL-1- 

We now move to the the T^^-module [cf&r) °, where C = . We put 



Zn 



yA,+i + vx. for i 
Vu + V,, if K = 



1,...,K-1; 

— 1 (i.e. n — 1 < m); 
v^i^ UK <n — l (i.e. n — 1 > m); 

(G^-z/)c for z = 

'Cuai © C(z;a2 - ^Ai) © • • • e C(i;a^ - z;a 



Cz;ai © C(z;a2 - ^aJ © • • • © ^{^x^ - ^a 
^Cuai © C(z;a2 - ^Ai) © • • • © C(z;a^ - ^aj 



©C(z;a 



Z := 



Zo 
Zo 



^Zi 
^Zi 



I Z^ if K = n — 1; 

'Zi<©y(^) ifK<n-l. 



if n < m; 
if n = m — 1; 
if m < n — 1; 



Because C n g • xq ^ Z C C, we again obtain an exact sequence of T^^-modules like (|5.38|) 



on pageSH and so we determine the T^^ -modules (^ cng-xo ) " ^^"^ 



c ^ ^'o 



For the first, put 



Z :: 



zi + Z2 + . . . + zjc if K = n - 1; 

zi + Z2 + . . . + zjc + if K < n - 1; 

Zi © . . . © Zj^ if K = n - 1; 

Zi©...©Z^:© V(^) ifK<n-l. 



Then 



Z 



and the latter T^^-module is described by Lemma [5.31 1 or Lemma [5.531 depending on K. It 
is multiplicity-free and its T^^ -weights are 



Oc'i + Oc'2, 0.2 + Cc'o,, . . . , 0i'^_2 + Oi' 



n-1 
t , .7 



G2 



M-l 



UK = n-1 or K = n-1; 
iiK<n-2. 



Finally, for ° P^^t 



C„_i := (G^ • 



forz G {l,...,]iC-l}; 

if K = n — 1 (i.e. n — 1 < m) 
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and 




Cl-1 if m 7^ n — 1; 

Cl-1 © C„_i if m = n — 1 (and L = n — 1). 



Then C = C ffi Z, and because Z = Zq ffi Z 

^ ~ ^ as X r^jj-modules. 

Z Zq 

Therefore 

C C C 



Z Zo C^f' 
and so the T^^-weights in the multiplicity-free T^^-module 



C\G% / C \G? 



are 

a'l, . . . , iim^n — 1; 

(x'l, . . ., oi'i^i, oi'„^i if m = n — 1 (then L = n — 1). 

It is a straightforward matter to verify that the vectors listed in the proposition indeed 
belong to the eigenspaces. □ 

Finally, in the next three lemmas, we express the Taj-weights to which we apply Propo- 
sition 13.41 (in the proof of Proposition |5.46|) in terms of the basis E of A. The proofs are 
omitted as they are very similar to the proofs of Lemmas 15.391 15.40] and 15.41] in Section |5^ 

Lemma 5.54. Using the notation introduced in Proposition \5.47\ we have that 

= —K~i + ^r-\ -\- K ~ ^r+i when 2 < r < K — 1; 
jSg = — As_i + + Xg+i — K+i when 2<s<K — l, 
where Aq = 0. If 3 < n < m (then L = n > K) and 

/3l-i = /3„-i = A„_2 + A^_i - ^ - A^ - A^_3 
where Aq := ifn = 3. Ifn — 1 < m and n ^ 2, then 

We now come to the two Taj-weights that only occur in {V/ g ■ Xo)'^''o for certain groups 
G between G' and G. 

Lemma 5.55. We use the notation ofProposition \5.47\ and suppose n = m — 1. Then the following 
are equivalent (recall that, by assumption, (G, W) is spherical): 

(1) ^ni-\ e A; 

(2) T = ker(a;„2 — bco'^) C Tfor some integer h. 

61 



For every integer b we have the following equality in X(T) 

(5.51) ^ni-l + {cOni - hco'n) = ^'m-l + (1 + + + 2)(A^_2 - 

m— 4 

-(& + i)[a;,_2-a,,_3+ YL^K-h)l 

where A^^_3 = Xm-z = when m = 3. Consequently, ifT = ker(a;„j — hco'^) for some integer 
b, restricting (15.51 P to T yields the following equality in A; 

= + (1 + b)li +{b + 2){\m-2 - ^'m-s) 

ffj— 4 

-(& + i)[a;„_2-a^_3+ Z(K-h)i 

k=l 

where A^j_3 = A^_3 = when m = 3. 

Lemma 5.56. We use the notation of Proposition \5.47] and suppose m = n — 2 > 1. Then the 
following are equivalent (recall that, by assumption, (G, W) is spherical): 

(1) )S'„_2 G A(G,W); 

(2) T = ker^acom — <^'n) ^ T for some integer a. 

For every integer a we have the following equality in X{T): 

w-4 

(5.52) ^'„_2 - {aCVjn - Co'n) = K-2 - M - (1 + " E (Afc - A^)] 

k=l 

+ (2 + fl)(A;_3-A„_3). 

Consequently, ifT = ker^acom — co'„)for some integer a, restricting (15.52P to T yields the follow- 
ing equality in A; 

n-4 

i6'„-2 = K-2 - - (1 + '^)[K-2 - E (4 - h)] + (2 + fl)(AU3 - 

k=l 

5.8. The modules (GL(m) x SL(2) x GL(n), (C" (g) C^) e (C^ (g) C")) with 2 < m < n. 
Here 

E = {coi + co', co' + co'(, coi + co'(, C02, 0^2 }; 

dy] = 3. 

In this case *S is not G-saturated for any group G for which W is spherical as one easily 
checks using Lemma [2.241 The module W is spherical for G' if and only if m > 2. 
In this section, we prove the following proposition. 

G' 

Proposition 5.57. The T^^-module {V / Q • xq) ""o is multiplicity-free and its T^^-weight set is 
{cc\, a' , cc'-^} . In particular, dim(V/g • Xo)*^^" = dyj- Consequently, dimTx^M^ = dyj. 

The proof will be given after a few lemmas we need. We introduce some notation. 
G^ := SL(m), G^ := SL(2) and := SL(n), so that G' = G^ x G^ x G^ is the semisimple 
part of G. For i = 1,2,3 we denote T^ the projection of the maximal torus T' = Tn G of G' 
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to G^ Then V is a maximal torus of G'. Note that = T^^ x T^^ x T^^ for the adjoint tori 
^ad '^i = 1' 2' 3)- Let Aj^ be the root lattice of G/, and note that A^ = A^ ® A| © A|. 

Lemma 5.58. The T^^j^-weights occurring in {V / g • Xo)'^''o belong to {A\ © © 0) U (0 © A| © 
0) U (0©0©A|). 

Proof. By the same argument as in Lemma 15.291 if [u] G (y/g • xq) ""o is a Taj-eigenvector 
contradicting the lemma, then its weight is (7 + cr', where (7 is a simple root for G; and cr' 
is a simple root of Gj with 1 < z < / < 3 and moreover X-g-v is a nonzero element of the 
line spanned by Xg-/XQ. 

Looking at the set E, the only simple roots a' so that Xg-iXo ^ are 1x2, (x' , oc'(, 1X2. We 
can immediately rule out a' = 0.2 and cr' = 0.2 since all the Ta^-weights in V{co2) belong 
to A^ and those in V^co'rl) belong to A|, We can also assume a' 7^ ai because / > 1. 

Next, a' = x' also leads to a contradiction. Indeed, 

and there is no simple root (which would be a) that occurs as a T^j -weight in both V{coi) 
and V{to'-[). An analogous argument excludes cr' = a.'-[. □ 

Lemma 5.59. None ofcoi, co' and co'^ belong to 

{cvi + cv',cv' + cv'l,cvi + cv'l)z C X(r'). 

Proof. Put Ai := coi + co', X2 := co' + co'{, A3 := co\ + co'[ and F := (Ai, A2, As)^. 
Put 

/I 1' 
A := 1 1 

so that (Ai A2 A3) = (o^i a;' a;") • A. Since det(A) = 2, F is a strict subgroup of 
(a;i,a;',a;2)z- 

Now, if oo\ were an element of F, then so would 00' = X2 — oo\ and oo'l = A3 — oo\, 
contradicting that the inclusion F C {co\, co' , co'()-z is strict. By the same argument, co' and 
co'-l do not belong to F. □ 

Proof of proposition \5.57\ We have that 

p(A) = (a;i + a;',a;' + a;i',a;i + a;i',a;2,4')z ^ X(T'), 
where a;2 = if m = 2 and co'2 = if n = 2. By Lemma [5. 581 we know that the Ta^-weights 

in (y/g • xo) belong to A^, A\ or A|. 

We start by considering the -weights in V that belong to A^. They are 

«!, ai + a;2, . . . , ai + ^2 + . . . (Xm-\, 

^2 + ^3, 0:2 + ^3 + ^4, . . . , 0:2 + . . . + (Xm-\ 

Using that the image of p(A) under X{T') X(T^) is a subgroup of {coi,co2)z we see 
that among these T^^-weights in V only the following can belong to p(A): 

ixi if m 7^ 3; 

0.1,0.1 + 02 if m = 3. 
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Furthermore, even when m = 3, oci + oc2 ^ p{^)- Indeed, since 

belongs to p(A), since 002 G p(A)/ ^rid since we know from Lemma 15.591 that ooi i. p(A) 
and so cli = —coi + 2co2 t p(A), it follows that cl\ + cl^ i. p(A). This proves that for all 

m and n, the only possible T^^-weight in {y I g • Xq)'^''*' is ol\. Since the eigenspace of V of 
weight ai has dimension 2 and the eigenspace of g • xq of that weight has dimension 1, ai 

G' 

occurs with multiplicity at most 1 in (y/g • Xq) 

The argument for the Tg^-weights in is identical. For those in A| it is even simpler. 

G' 

This proves that the T^d -module (^/g • xq) is multiplicity-free and that its Tgd-weight 
set is a subset of {oi\, a' , Ci'(}. As always, equality follows from Corollary 12.61 □ 

G' 

Remark 5.60. The Tgd-eigenspace of (F/g • xq) ''0 of weight 0:1 is spanned by the vector 

Indeed, it is not hard to verify that the vector is fixed by g'^^. Clearly, it has Tgd-weight cci. 
The other two eigenspaces have similar descriptions. 

6. Acknowledgements 

The authors thank Sebastien Jansou for introducing them to this beautiful subject, and 
Morgan Sherman for useful discussions at the start of this project. We thank Michel 
Brion for several informative conversations and in particular for suggesting the strategy 
to prove that certain sections of the normal sheaf do not extend (Section IS). Finally, we 
thank the referee for several valuable comments and suggestions. We also benefited from 
experiments with the computer algebra program Macaulayl HGSI . 

S. P. was supported by the Portuguese Fundagao para a Ciencia e a Tecnologia through 
Grant SFRH/BPD/22846/2005 of POCI2010/FEDER and through Project 
PTDC/MAT/099275/2008. 

B. V. S. received support from the Portuguese Fundagao para a Ciencia e a Tecnologia 
through Grant SFRH/BPD/21923/2005 and through Project POCTI/FEDER, as well as 
from The City University of New York PSC-CUNY Research Award Program. 

References 

[AB05] Valery Alexeev and Michel Brion, Moduli ofaffine schemes with reductive group action, J. Algebraic 

Geom. 14 (2005), no. 1, 83-117. MR MR2092127 (2006a:14017) 
[BCF08] R Bravi and S. Cupit-Foutou, Equivariant deformations of the affine multicone over a flag variety, Adv. 

Math. 217 (2008), no. 6, 2800-2821. MR MR2397467 (2009a:14061) 
[BLll] Paolo Bravi and Domingo Luna, An introduction to wonderfid varieties with many examples of type F4, 

J. Algebra 329 (2011), no. 1, 4-51. 
[BR96] Chal Benson and Gail Ratcliff, A classification of multiplicity free actions, J. Algebra 181 (1996), no. 1, 

152-186. MRMR1382030 (97c:14046) 
[BralO] Paolo Bravi, Classification of spherical varieties, Les cours du CIRM 1 (2010), no. 1, 99-111. 
[Bri97] Michel Brion, Varietes spiieriques, notes de la session de la Societe Mathematique de 

France "Operations hamiltoniennes et operations de groupes algebriques," Grenoble, 

http : //www-f ourier . ujf -grenoble . fr/~inbr ion/notes . html, 1997. 

[BrilO] , Introduction to actions of algebraic groups, Les cours du CIRM 1 (2010), no. 1, 1-22. 

[Brill] , Invariant Hilbert sc/zemes,iar2Gvill02.0198s^2 [math.AG], 2011. 

64 



[CamOl] Romain Camus, Varietes spheriques affines lisses, Ph.D. thesis, Institut Fourier, Grenoble, 2001. 
[Cup09] S. Cupit-Foutou, Invariant Hilbert schemes and wonderful varieties, arXiv:0811.1567 y2 [math.AG], 
2009. 

[CuplO] , Wonderful varieties: a geometrical realization, \arXw: 0907 .2852v3 [math.AG], 2010. 

[Del90] Thomas Delzant, Classification des actions hamiltoniennes completement integrables de rang deux, Ann. 

Global Anal. Geom. 8 (1990), no. 1, 87-112. MR MR1075241 (92f:58078) 
[EHOO] David Eisenbud and Joe Harris, The geometry of schemes. Graduate Texts in Mathematics, vol. 197, 

Springer- Verlag, New York, 2000. MR MR1730819 (2001d:14002) 
[GS] Daniel R. Grayson and Michael E. Stillman, Macaulayl, a software system for research in algebraic 

geometry, available at http://www.math.. uiuc.edu/Macaulay2/ 
[HU91] Roger Howe and Toru Umeda, The Capelli identity, the double commutant theorem, and multiplicity- 
free actions. Math. Ann. 290 (1991), no. 3, 565-619. MR MR1116239 (92j:17004) 
[Hum75] James E. Humphreys, Linear algebraic groups. Springer- Verlag, New York, 1975, Graduate Texts in 

Mathematics, No. 21. MR MR0396773 (53 #633) 
[Jan07] Sebastien Jansou, Deformations des cones de vecteuTS pTifuitifs, Math. Arm.. 338 (2007), no. 3, 627—667. 

MRMR2317933 (2008d:14069) 
[Kac80] V. G. Kac, Some remarks on nilpotent orbits, J. Algebra 64 (1980), no. 1, 190-213. MR MR575790 

(811:17005) 

[Kno96] Friedrich Knop, Automorphisms, root systems, and compactifications of homogeneous varieties, J. Amer. 

Math. Soc. 9 (1996), no. 1, 153-174. MRMR1311823 (96c:14037) 
[Kno98] , Some remarks on midtiplicity free spaces. Representation theories and algebraic geometry 

(Montreal, PQ, 1997), NATO Adv Sci. Inst. Ser. C Math. Phys. Sci., vol. 514, Kluwer Acad. Publ., 

Dordrecht, 1998, pp. 301-317. MRMR1653036 (991:20056) 
[Knoll] , Automorphisms of midtiplicity free hamiltonian manifolds, J. Amer. Math. Soc. 24 (2011), no. 2, 

567-601. 

[Lea98] Andrew S. Leahy, A classification of multiplicity free representations, J. Lie Theory 8 (1998), no. 2, 

367-391. MRMR1650378 (2000g:22024) 
[Los09a] Ivan V. Losev, Proof of the Knop conjecture, Ann. Inst. Fourier (Grenoble) 59 (2009), no. 3, 1105-1134. 

MRMR2543664 

[Los09b] , Uniqueness property for spherical homogeneous spaces, Duke Math. J. 147 (2009), no. 2, 315- 

343. MR MR2495078 (2010c:14055) 
[Nor65] D. G. Northcott, Syzygies and specializations, Proc. London Math. Soc. (3) 15 (1965), 1-25. 

MR MR0169892 (30 #135) 

[Pan97] Dmitri Panyushev, On deformation method in invariant theory, Ann. Inst. Fourier (Grenoble) 47 

(1997), no. 4, 985-1012. MR MR1488242 (99a:13001) 
[PezlO] Guido Pezzini, Lectures on spherical and wonderful varieties, Les cours du CIRM 1 (2010), no. 1, 33-53. 
[Pop86] V. L. Popov, Contractions of actions of reductive algebraic groups. Mat. Sb. (N.S.) 130(172) (1986), no. 3, 

310-334, 431, English translation in Math. USSR-Sb. 58 (1987), no. 2, 311-335. MR MR865764 

(88c:14065) 

[TY05] Patrice Tauvel and Rupert W. T. Yu, Lie algebras and algebraic groups. Springer Monographs in Math- 
ematics, Springer- Verlag, Berlin, 2005. MR MR2146652 (2006c:17001) 

[VP72] E. B. Vinberg and V. L. Popov, A certain class of quasihomogeneous affine varieties, Izv. Akad. Nauk 
SSSR Ser. Mat. 36 (1972), 749-764, English translation in Math. USSR Izv 6 (1972), 743-758. 
MR MR0313260 (47 #1815) 

Centro de Analise Matematica, Geometria e Sistemas Dinamicos, Departamento de Ma- 

TEMATICA, INSTITUTO SUPERIOR TECNICO, UNIVERSIDADE TECNICA DE LiSBOA, AV. ROVISCO PAIS, 

1049-001 LiSBOA, Portugal 

E-mail address: papadakOmath .ist.utl.pt 

Department of Mathematics, Medgar Evers College - City University of New York, 1650 
Bedford Ave., Brooklyn, NY 11225, USA 
E-mail address: bartvsOmec . cuny . edu 



65 



